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This paper introduces a new formulation of model predictive control (MPC) for
robust trajectory guidance of unmanned aerial vehicles (UAVs). It generalises the
ubiquitous concept of waypoints to waysets, in order to provide robustness to bounded
state disturbances in the presence of obstacles. Using a variable horizon formulation of
MPC, it shows how wayset guidance combined with constraint tightening can guarantee
robust recursive feasibility and finite-time completion of a control maneuver. Simulations on a point mass fixed-wing UAV model moving through a field of obstacles with
wind disturbances demonstrate significant computational benefits from using waysets
when compared to existing mixed-integer optimization methods that employ long prediction horizons. Using the controller’s robustness to mitigate linearization error, an
additional example implements the strategy on a simulated quadrotor, demonstrating
how waysets can be utilized to control more complex nonlinear systems.
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Nomenclature

x

= state vector

u

= input vector

y

= output vector

d

= disturbance vector

wi

= ith waypoint

p

= number of waypoints

o

= number of unsafe regions (obstacles)

N

= horizon length

N̄

= overall completion time

S

= wayset shape

Wi

= ith wayset

D

= disturbance set

Y

= output constraint set

Oi

= ith unsafe region (obstacle)

Ci

= corridor connecting wayset i and i + 1

e
Q(j)
= jth tightening of set Q
= Pontryagin set difference operator
co{·} = convex hull
AS

= symmetric of set A

AC

= complement of set A

bxc

= greatest integer not exceeding x

kvk

= 2-norm (Euclidean norm) of vector v

Z[α,β] = {α, α + 1, . . . , β} for integer numbers α < β
1n

= Column vector of ones having length n.
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I.

Introduction

The capability to plan and execute trajectories that safely take an unmanned aerial vehicle
(UAV) from a starting point to a target region is essential to its autonomous operation. To provide
this capability, planned trajectories must be executable by the vehicle (i.e. dynamically feasible),
avoid obstacles, other vehicles and designated no-fly areas, have a sufficient level of optimality (in
terms of fuel usage and/or travel time), and be robust to disturbances that are inherent in UAV
operations, such as wind and turbulence. Additionally, this trajectory must be computed, recomputed, and executed in real-time to be able to handle changes to the UAV’s target location and
environment. Due to the importance of establishing this capability to future UAV operations, a wide
variety of approaches have been applied to this problem including [1–6], and it has been the topic of
a number of survey papers [7–9]. Among these approaches, model predictive control (MPC) [10] also known as receding horizon control [11, Pages 7-8] - is able to satisfy the requirements for effective UAV trajectory planning, which incorporates constraint handling and robustness to bounded
disturbances, within a number of settings [2, 12–14]. However, its key limitation is the computational effort required to calculate a trajectory. This effort primarily stems from long prediction
horizons and the requirement to solve a mixed-integer program to capture the non-convex obstacle
avoidance constraints [1]. Computational effort is a significant limitation when real-time controller
implementation is desired. This is especially the case for a high sampling rate, where MPC is used
for controlling fast system dynamics, or when guarantees of inter-sample constraint satisfaction
necessitate such a sample rate.
Within the existing literature, the predominant strategy to reduce the computational cost of
solving the mixed-integer program is to reduce the prediction (or planning) horizon of the predictive
controller. This is achieved by either approximating the remainder of the trajectory beyond this
horizon to the target via a cost to go [2, 12], or by travelling to the target via a number of intermediate
waypoints [15]. The former suffers from the lack of a guaranteed recursively feasible path to the
target, whilst the latter does not provide guaranteed robustness, since it is impossible to control
the UAV to a point in the presence of persistent disturbances. Another approach taken to reduce
the computational cost of mixed-integer MPC-based UAV trajectory planning is the tunnel-MILP
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approach presented in [16, 17]. This involves planning a path between the start point and the target,
and creating a tunnel around this path made up of a sequence of obstacle-free convex polytopes.
The obstacle avoidance constraints are replaced by constraining the UAV to remain within the
tunnel. This approach, while shown to be less computationally intensive for trajectories that need
to avoid many obstacles [16], still requires integer variables to index the convex polytopes that form
the tunnel. The tunnel-MILP approach has been combined with the waypoint approach in [18],
resulting in further computational reductions. However, there are no robustness guarantees, and
providing such guarantees for tunnel-MILP approaches is yet to be considered in the literature.
The novel approach presented in this paper does not rely on mixed-integer programming for
obstacle avoidance, whilst still guaranteeing robust constraint satisfaction in the presence of additive
state disturbances, such as turbulence or gusts. Firstly, a sequence of waysets from the start point to
the target are characterized and calculated. Furthermore, the relationship between the more general
notion of waysets and the well-known concept of waypoints is elucidated. Following this, convex
constraints are enforced to ensure that the UAV can be robustly driven between two successive
waysets using variable-horizon MPC [14]. In particular, reachability conditions are developed to
place the sequence of waysets so that the UAV can be robustly guided through their connecting
corridor within a fixed number of time-steps. A robust MPC scheme is then formulated to travel
between pairs of consecutive waysets until the target is reached. The approach is shown to guarantee
finite-time arrival at the target for appropriately chosen input cost weightings. Finally, the proposed
scheme is applied to two simulated examples, namely navigation of a simplified fixed-wing UAV
in the presence of wind dusturbance and wayset guidance of a nonlinear quadrotor model. The
robustness of the controller is used to handle the wind disturbance and minimum-speed constraints
for the fixed-wing UAV, and linearization error for the quadrotor.
The structure of this paper is as follows: Section II provides a problem formulation for the robust
UAV trajectory planning problem. Section III presents the underlying robust MPC formulation from
[19], and uses it to develop the corridor constraints and wayset placement conditions. Section IV
analyses the theoretical results of the developed approach and Section V presents the simulation
study. Conclusions are drawn and future work is elucidated in Section VI.
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II.
A.

Problem Formulation

Definitions

The following defnitions are needed to develop the results presented in this paper. For a set
A ∈ Rn , define its symmetric and complement, respectively, by
AS := {z ∈ Rn | −z ∈ A}
AC := {z ∈ Rn | z ∈
/ A}.
For sets A ∈ Rn and B ∈ Rn , the Minkowski sum and Pontryagin difference operations are respectively defined by
A ⊕ B := {z | ∃a ∈ A, b ∈ B, s.t. z = a + b}
A

B := {z | z + b ∈ A, ∀b ∈ B}.

These operations are more commonly known as dilation and erosion respectively in the field of
mathematical morphology, allowing the properties detailed in [20] to be utilised.

B.

Control Problem

Consider a UAV modelled by the linear system
x(k + 1) = Ax(k) + Bu(k) + d(k),

(1)

where x(k) ∈ Rn is the state, u(k) ∈ Rm is the input, d(k) ∈ D are unknown disturbances, and
D ⊂ Rn is a compact disturbance set that contains the origin. Additionally, it is assumed that the
system is controllable and all states are measurable. For a UAV, the inputs will typically represent
thrust and and the states will comprise positions, velocities and possibly the fuel level.
The system is subject to polytopal state and input constraints, which are compactly represented
in the form
y(k) ∈ Y := {y | Ey ≤ f },

(2)

where an output
y(k) := Cx(k) + Du(k)
is defined to allow the application of coupled constraints between the states and inputs of the system.
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Problem 1. Given a vehicle governed by (1) with an initial state x0 , a target set T , and o known
unsafe regions Ol , l = 1, . . . , o, where T ∩ Ol = ∅, it is desired to compute an N -step sequence of
control inputs
uN := {u(0), . . . , u(N − 1)},
for some completion time N ∈ Z[1,N̄ ] that minimises the cost function
N
−1
X

(1 + α ku(k)k),

(3)

k=0

subject to the constraints (2), whilst ensuring that x(N ) ∈ T and x(k) ∈
/ Ol , l = 1, . . . , o for all
k < N and N̄ is a design constant.
The cost function (3) penalises a weighted sum of the completion time to T and the control effort
applied, where the weighting is determined by some α > 0. It is appropriate to a UAV scenario,
where the control problem often has a minimum-time objective, with the tuning parameter α used to
improve fuel economy or produce smooth trajectories. Later in the paper an algorithm for choosing
N̄ is introduced.

III.

Controller Formulation

Problem 1 is addressed by decomposing the overall control problem into a series of set-to-set
subproblems, to which robust MPC using constraint tightening is applied. In order to achieve
this, some intermediary sets Wi , i ∈ Z[0,p] , denoted waysets, are computed. Then, the system
is driven from the initial state x0 sequentially through the waysets W1 to Wp , where Wp ∈ T .
Furthermore, the sets are designed in such a way as to guarantee obstacle-free robust reachability
between adjacent sets, that is, x(k) ∈
/ Oi , i ∈ Z[1,o] , ∀d(k) ∈ D, while travelling between Wi and
Wi+1 . This is formalised in what follows.

A.

Wayset Definition

Define a sequence of waysets by
Wi := wi ⊕ S = {wi + w | w ∈ S}, ∀i ∈ Z[0,p] ,
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(4)

where
S := {x | Gx ≤ h},
is a fixed convex polytope defining the wayset shape, and wi , i = 0, . . . , p are a sequence of waypoints,
with w0 := x0 . These waypoints parameterize the wayset locations. In order to use the waysets for
decomposing Problem 1, it is required that
Wi ⊆

N
[

Rj (Wi+1 ), ∀i ∈ Z[0,p−1]

(5)

j=0

Wp ⊆ T ,
where the set-valued map Rj (·) denotes the j-step robust controllable set, defined by








∃uj := {u(0), u(1), . . . , u(j − 1)} :


















x(k
+
1)
=
Ax(k)
+
Bu(k)
+
d(k)










n
.
Rj (X ) := x ∈ R
y(k) = Cx(k) + Du(k)















x(0) = x, y(k) ∈ Y, x(k) ∈
/ Oi , x(j) ∈ X 

















∀d(k) ∈ D, ∀k ∈ Z[0,j−1] , ∀i ∈ Z[0,p] 
This is the set of all states for which there exists a j-step sequence of control inputs that robustly
drives the state of the system into X , whilst avoiding all of the unsafe regions. If each adjacent pair
of waysets satisfies (5) for j ≤ N , where N is some horizon length, then by using an appropriate
cost function and controller, Problem 1 can be solved in at most pN steps.
Note that, for robustness, it is necessary that D ⊆ S, since if this were not the case, it would
be impossible to guarantee that the system state could terminate within a wayset in the presence
of the disturbance.

B.

Inter-Wayset Control with Robust MPC

Having defined the notion of waysets (4) and specifying their required properties (5), the subproblem for a given pair of adjacent waysets Wi and Wi+1 can be formulated with variable-horizon
MPC, using constraint tightening for robustness [14, 21]. The disturbance feedback form of the
tightening is used, as motivated by [22] and elucidated by [19]. Define the nominal prediction model
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by
x̄(k + j + 1|k) = Ax̄(k + j|k) + B ū(k + j|k)
ȳ(k) = C x̄(k + j|k) + Dū(k + j|k)
x̄(k|k) = x(k),
where the notation x̄(k + j|k) is used to denote the prediction of state x(k) made j steps into the
future from the current time k. A similar notation is adoped for the inputs and outputs, using
prediction variables ū and ȳ respectively. The tightened constraints are then calculated using the
matrices [23]
L(0) = I
L(j + 1) = AL(j) + BP (j)
Q(j) = CL(j) + DP (j),
which are used to define the tightened sets
e + 1) := Y(j)
e
Y(j

Q(j)D

e + 1) := S(j)
e
S(j

L(j)D

el (j + 1) := O
el (j) ⊕ L(j)DS , ∀l ∈ Z[1,o]
O
e
:= Y,
Y(0)

Te (0) := T ,

(6)

e := S,
S(0)

for all j ∈ Z[0,N −1] , where N is the horizon length. The matrices P (j) represent a disturbancefeedback constraint tightening policy, which is assumed to be designed in advance.
For a given x(k) ∈ Wi , a predictive controller to steer the state of the system to Wi+1 can be
designed by finding the sequence of predicted inputs
ū∗N (x(k)) := {u∗ (k|k), u∗ (k + 1|k), . . . , u∗ (k + N − 1|k)}

(7)

and a horizon length N ∗ such that
(u∗N (x(k)), N ∗ ) = arg min J(x(k), ūN , N ),

(8)

ūN (k) := {ū(k|k), ū(k + 1|k), . . . , ū(k + N − 1|k)},

(9)

ūN ,N

where
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for some horizon length dependent cost function J(·, ·, ·), subject to the constraints
e
ȳ(k + j|k) ∈ Y(j)
el (j), ∀l ∈ Z[1,o]
x̄(k + j|k) ∈
/O
fi+1 (j),
x̄(k + N |k) ∈ W
where
fi+1 (j) := wi+1 ⊕ S(j).
e
W
Using the optimal predicted input sequence and horizon length, the variable-horizon MPC
algorithm of [14] is applied as the control law to guide the state to Wi+1 , namely
u(k) = ū∗ (k|k).

As proven in [14], this controller guarantees robust recursive feasibility and finite-time completion
for an appropriate cost function and initial feasible solution, which allows the controllers to steer
the state of the system starting from any point in Wi to a point in Wi+1 if this pair of waysets
satisfy (5). Note that this condition also guarantees the existence of an initial feasible solution.
The particular implementation of the variable horizon presented in [14] uses integer variables
to allow the completion time to be quantified within the optimization problem. However, it is also
possible to solve the optimization problem over all fixed horizon lengths up to some maximum, and
choose the solution with the lowest cost. The former approach will be used in the sections to follow,
since the worst case complexity of using MILP for the variable horizon is equivalent to solving for
all horizon lengths, but is potentially much faster in practice.

C.

Wayset Reachability using Corridor Constraints

Placing a general pair of waysets such that (5) is satisfied is nontrivial, since the union over
controllable sets combined with the obstacle-avoidance constraints is highly non-convex. In addition,
even with constraint tightening, (6) requires a large number of enlarged obstacle sets to be calculated
and stored. Instead sufficient conditions can derived to ensure satisfaction of (5) with purely convex
constraints. These conditions involve more stringent fixed-horizon corridor reachability constraints,
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Wi+1
wi+1

Ci

wi
Wi

Fig. 1 Illustration of corridor constraints for adjacent waysets.

which require the existence of trajectories that lie in a corridor defined by the convex hull of the
two waysets, which is chosen to be obstacle free. This is illustrated by Fig. 1 for simple square
waysets. The thick outer line depicts the convex hull. Note that all of the sets are defined in the
full state-space, so will have velocity components that cannot be depicted in two dimensions. Given
that conditions can be established to robustly keep the trajectory between successive waysets within
the corridor, obstacles avoidance is guaranteed by design of the corridors.
The corridor is then defined as
Ci := co{Wi , Wi+1 }.
Applying constraint tightening for robustness, the corridor constraints for waysets Wi and Wi+1 are
given by
Cei (0) = Ci
Cei (j + 1) = Cei (j)

L(j)D.

It can be shown that the constraint x(k + j|k) ∈ Cei (j) is bilinear in x(k + j|k), wi and wi+1 .
Therefore, to retain convexity, an approximation to the true corridor is used, which is sufficient to
guarantee that the predicted states lie within the corridor. Assuming a fixed-horizon arrival time
of N steps between the waysets, the approximated corridor is defined by the sequence of sets
e
Gei (j) := vi (j) ⊕ S(j),

∀j ∈ Z[0,N −1] ,

where
vi (j) := (wi + γ(j)(wi+1 − wi )),
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wi+1
wi+1 ⊕ W(4)
vi (3)
vi (2)
vi (1)
wi

Gei (3)

Gei (2)

Gei (1)

Wi = Gei (0)

Fig. 2 Tightened corridor approximation.

for j ∈ Z[1,N ] , with prespecified weights γ(j), γ(0) = 0 that satisfy
0 ≤ γ(1) ≤ γ(2) ≤ · · · ≤ γ(N − 1) ≤ 1.
These new constraints are shown in Fig. 2. The next result demonstrates the sufficiency of these
new corridor constraints.
Theorem 1. For any x(0) ∈ Wi , there exists an N -step predicted trajectory to the tightened set
fi+1 (N ) that satisfies the corridor constraints
W
x(j|0) ∈ Cei (j),

(10)

x(j|0) ∈ Gei (j),

(11)

for all j ∈ Z[1,N ] , providing that

for all j ∈ Z[1,N ] .
e
Proof. If x(j|0) ∈ Cei (j), then it must lie within a copy of S(j)
translated somewhere along the line
connecting the waypoints wi and wi+1 . Hence, there exists some γ(j) such that
e
x ∈ (wi + γ(j)(wi+1 − wi )) ⊕ S(j).
The sufficient conditions merely fix the values of γ(j) so that the resulting problem is convex.

(12)


Note that, these sufficient conditions will not actually be applied when controlling the UAV.
Instead, given that the wayset locations will be fixed before applying the controller, the corridor
constraints (10) will be explicitly enforced. However, appropriate selection of the weights γ(j) is
required to minimize conservatism in placement of the waysets.
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D.

Waypoint Placement with Guaranteed Reachability

It is now possible to place waypoints in such a way as to ensure the existence of fixed N -step
robustly safe trajectories between the waysets. To begin with, the N -step controllable set of wayset
Wi+1 through a corridor from Wi , subject to the tightened output constraints (11) is defined as







∃ū(0)N := {ū(0|0), ū(1|0), . . . ū(N − 1|0)} :


















x̄(j
+
1|0)
=
Ax̄(j|0)
+
B
ū(j|0)


















ȳ(j|0) = C x̄(j|0) + Dū(j|0)


n
R̄N (wi , wi+1 ) := x ∈ R
.
(13)








ȳ(j|0) ∈ Y(j), x̄(j|0) ∈ Gei (j)















e


x̄(0|0) = x
x̄(N |0) ∈ wi+1 ⊕ S(N ) 


















∀j ∈ Z[0,N −1] .
This is the set of all x such that there exists an initial nominal predicted trajectory (k = 0) satisfying
the tightened constraints and entering the succesive wayset in N steps. Note that for simplicity,
time is indexed from k = 0 for each subproblem, which is why the trajectory defining the reachable
set (13) is written as a prediction made from time zero. Since all of the constraints are polytopal,
R̄N (·, ·) itself is a convex polytope. It can be calculated explicitly by projection, leaving a set affinely
parameterized by the waypoint positions wi and wi+1 . Let this set be represented in half-space form
by
R̄N (wi , wi+1 ) = {x | ΓN x ≤ θN − SN wi − TN wi+1 },

(14)

for some appropriately dimensioned matrices ΓN , θN , SN and TN . The projection can be calculated
using algorithms like Fourier-Motzkin elimination [24] or equality set projection [25]. The operation
only needs to be performed once, since the controllable set is parameterized in terms of the waypoint
position. An alternative to using projection is to explicitly ensure the existence of feasible trajectories
from each vertex of Wi to anywhere within Wi+1 .
Having calculated the projection, (14) can be used to express the set membership constraint
Wi ⊆ R̄N (wi , wi+1 )
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in half-space form by observing that
ΓN x ≤ θN − SN wi − TN wi+1 , ∀x ∈ Wi
⇐⇒ max ΓN x ≤ θN − SN wi − TN wi+1
x∈Wi

⇐⇒ max ΓN x ≤ θN − (ΓN + SN )wi − TN wi+1 ,
x∈W

where the maximisation is taken row-wise and the fact that Wi = wi ⊕ S has been exploited.
Recognizing that this maximization defines a linear program, the dualization procedure of [22] can
be used to write the constraint in the equivalent form
Z(wi , wi+1 , N ) 6= ∅,

∀i ∈ Z[0,p−1]

(15)

where
Z(wi , wi+1 , N ) := {Z | Z T h ≤ θN − (ΓN + SN )wi − TN wi+1 , Z T G = ΓN }

(16)

Any waypoint placement algorithm can now be augmented with the additional convex constraint
(15) to ensure robust inter-wayset reachability. It is straightforward to enforce the constraints
by constraining the visibility graph of the candidate waypoints with the reachability conditions.
Problem 2 describes how this can be achieved.
Problem 2 (Waypoint Placement). Place p waypoints such that
wi + γ(wi+1 − wi ) ∈
/ Ol ⊕ S S , ∀γ ∈ [0, 1].
∃N ∈ Z[1,N̄ ] :Z(wi , wi+1 , N ) 6= ∅

(17)
(18)

for all i ∈ Z[0,p−1] and l ∈ Z[1,o] .
It is worthwhile to note that this placement problem can be solved with many different offthe-shelf waypoint algorithms that ensure line-of-sight visibility along connecting lines. The only
required modification is to strengthen the definition of visibility to include the reachability condition
(17)-(18).
> >
To solve Problem 2, it is first assumed that each waypoint wi can be written as wi = [s>
i σi ]

where si is the spatial component of wi . Furthermore, it is assumed that the other component is
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identical for all waypoints σ1 = · · · = σp = σ, where σ is the center of the wayset in the other
> >
non-spatial states. Thus each waypoint can be written as wi = χ(si ) = [s>
i σ ] .

There are many possible path planning methods that return a sequence of points that form a
collision-free path (see for example, [26, Chapters 6-7] and references therein). Let the sequence
{c̄i }p̄i=1 be obtained from an arbitrary planning method. Algorithm 1 (see appendix) returns a
sequence of waypoints based on the path {c̄i }p̄i=1 . This algorithm is proposed to solve Problem
2. However, for an arbitrary input sequence {c̄i }p̄i=1 , Algorithm 1 is not guaranteed to return a
sequence of feasible waypoints that satisfy (17)-(18). In what follows, guarantees are provided such
that Algorithm 1 returns a sequence of feasible waypoints satisfying (17)-(18) for the case where
the path sequence is calculated via grid-based methods.

1.

Waypoint Placement for Paths Obtained from Grid-Based Methods

Consider the case where the sequence {c̄i }p̄i=1 is generated via methods that generate a grid
map of the environment and perform a graph search. The A∗ search or the D∗ search are famous
examples for such methods [26, Appendix H]. Assume that the environment is discretised into square
cells of arbitrary side length ρ > 0. Two cells are called adjacent if they share a side. Let c be the
center of a cell, then this cell is labelled free if there is no point s that simultanously kc − sk∞ ≤ ρ/2
and [sT σ̄ T ]T ∈ Ol ⊕ S for some σ̄. Consider a graph, Pf ree where the free cells are its vertices
and an edge is incident at two vertices if the corresponding cells are adjacent. Let the sequence
{c̄i }p̄i=1 be obtained from applying the search algorithm to Pf ree . Note that the path planning is
done independent of the velocity constraints and as a result the dimensions of the search space are
kept small.
Note that in general it is not guaranteed that Algorithm 1 returns a set of waypoints that satisfy
(17)-(18) and terminate at the destination. Particularly consider the case where wi = χ(c̄j ) for some
i and j. Now if Z(χ(ci ), χ(cj ), N ) = ∅ for all N ∈ Z[1,N̄ ] , then the algorithm will not return a set of
waypoints that satisfy (17)-(18) and terminate at the destination. However, it is possible to provide
guarantees under some assumptions. Specifically, the following assumption is made.
Assumption 1. Let ci and cj be the centers of two arbitrary adjacent cells. Then, for a given cell
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size ρ, and at least an N ∈ Z[1,N̄ ] , Z(χ(ci ), χ(cj ), N ) 6= ∅ and Z(χ(cj ), χ(cj ), N ) 6= ∅.
The following result holds for Algorithm 1.
Proposition 1. Under Assumption 1 and provided that a collision free sequence of cell centers
{c̄i }p̄i=1 is given, Algorithm 1 returns a sequence of waypoints, {wi }pi=1 , p ≤ p̄, where each pair of
consecutive waypoints wi and wi+1 satisfy (17)-(18).
Proof. Due to Assumption 1, in the worst case scenario p = p̄ and for all wi and wi+1 (17)-(18) are


satisfied.

E.

Inter-wayset controller

Once the waypoints have been placed, the inter-wayset optimization problem can be defined,
applying constraint tightening and corridor constraints for robustly safe trajectories. Problem 3 is
then applied recursively and used to implement MPC.
Problem 3.
Ji∗ (x(k)) =

N
−1
X

(1 + α kū(k + j|k)k),

min
ūN (k),N,γ(j)

(19)

k=0

subject to
x̄(0|k) = x(k)
ȳ(k + j|k) ∈ Y(j), ∀j ∈ Z[0,N −1]
x̄(k + j|k) ∈ Cei (j), ∀j ∈ Z[1,N −1]

(20)

e )
x̄(k + N |k) ∈ wi+1 ⊕ S(N
N ∈ Z[1,N̄ ]
0 ≤ γ(j) ≤ 1, ∀j ∈ Z[1,N −1] ,
where
e
Cei (j) = (wi + γ(j)(wi − wi+1 )) ⊕ S(j)
Since the waypoint positions are now fixed, the weights γ(j) become decision variables in the
optimization problem. Then, the constraint (20) ensures that x(k + j|k) lies within some translated
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e
copy of S(j)
located along the line connecting the waypoints. This explicitly ensures that the
predicted state is contained within the tightened convex hull. Algorithm 2, as outlined in the
appendix, can be applied for choosing the smallest maximum horizon length N̄ .

IV.

Robustness Guarantees

The following theorems describe the robustness benefits provided by appling the approach detailed in this paper.
Theorem 2 (Corridor safety). If the waypoints wi and wi+1 are placed with line-of-sight visibility
to the enalrged unsafe regions Ol ⊕ S S , then
co{Wi , Wi+1 } ∩ Ol = ∅,
for all i ∈ Z[0,p−1] and l ∈ Z[1,o] .
Proof. Line of sight visibility implies that for all l ∈ Z[1,o]
`(wi , wi+1 ) ∩ (Ol ⊕ S S ) = ∅,
where
`(wi , wi+1 ) = {x | x = wi + γ(wi+1 − wi ), ∀γ ∈ [0, 1]}
is the set of all states that lie on the line segment connecting the waypoints. Using the duality
property of the Pontryagin difference [20], this means that
`(wi , wi+1 ) ⊆ (Ol ⊕ S S )C
= OlC

S,

which implies that
`(wi , wi+1 ) ⊕ S ⊆ OlC .
Noting that the LHS defines the corridor connecting the two waysets, the result follows directly. 
Theorem 3 (Robust Feasibility). If the waypoint placement problem has a feasible solution, then
there exists a feasible trajectory from the initial state x0 to T that passes through all of the waysets.
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Proof. From Problem 3 and [14], it is clear that the constraint-tightened inter-wayset problem is
recursively feasible, given an initial feasible solution. Additionally, the waysets have been placed
to guarantee the existence of such a feasible trajectory between any adjacent pair of waysets. By
induction therefore, it is evident that there exists a feasible trajectory from the initial state to the


target.
Theorem 4 (Robust Finite-Time Completion). If the input weighting α is chosen such that
H = 1 − α max
d∈D

N
−1
X

kP (j)dk > 0,

j=0

where D is the disturbance set, P (j) is the disturbance-feedback constraint-tightening policy described
in Section III B, and N is the maximum horizon length for the sub problem, the overall control
problem is guaranteed to reach completion in T in at most
p−1 
X
i=1

max

ζ∈Wi

Ji∗ (ζ)
H



steps, where Ji∗ (ζ) is the value function (19) for an N -step trajectory commencing at ζ ∈ Wi and
terminating in Wi+1 .
Proof. This is a straightforward extension of the finite-time completion result outlined in [14] and
extended in [27] to handle disturbance feedback constraint tightening.

V.



Numerical Examples

Firstly, this section considers the problem of controlling a fixed-wing UAV modelled by a unit
point mass moving in two dimensions subject to minimum and maximum speed constraints, in the
presence of a wind disturbance and obstacles. Whilst minimum-speed constraints are non-convex in
Cartesian coordinates, the robustness procedure developed in this paper allows a linear model to be
used with tightening applied to compensate for model mismatch. Secondly, the problem of motion
control of a quadrotor with nonlinear dynamics is considered. A linearized model is used to calculate
the control inputs to ensure a safe motion between consecutive waysets. The robustness procedure
introduced in this paper is used to handle the linearisation errors. Code used for simulations can
be found at https://dl.dropboxusercontent.com/u/18202212/Waysetcode.zip.
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A.

Fixed-wing UAV Control

A fixed-wing UAV may be modelled by as a point mass moving in two dimensions with minimum
speed constraints. Considering the dynamics of the point mass, its 1 Hz zero-order-hold discretized
dynamics are represented by
1



s(k + 1) 0
=

 

0
v(k + 1)



0










0 1 0
0.5

 



1 0 1
 s(k)  0
+


 
1
0 1 0

 v(k)




0
0 0 1


0


0.5

 u(k) + d(k),

0



1

where s(k) ∈ R2 is the Cartesian position vector of the vehicle, v(k) ∈ R2 is the velocity, and the
applied force vector is u(k). A wind disturbance d(k) of maximum magnitude dmax acts only on the
velocity states of the UAV. The applied force and velocity must satisfy the constraints ku(k)k ≤ umax
and vmin ≤ kv(k)k ≤ vmax in the presence of the wind distubance. By considering the centripetal
acceleration induced by the input force, it can be shown that this minimum velocity and maximum
input constraints combine to enforce a minimum turning radius of
Rmin :=

2
vmin
,
umax

(21)

on the original continous-time system
Since a linear model with convex constraints will be used for control, it is necessary to modify
the output of the controller to ensure that the minimum-velocity constraints are satisfied. Given
the commanded input force u(k), it is clear that v̄(k + 1|k) = v̄(k) + u(k). Then, if kv̄(k + 1|k)k <
vmin + dmax , there is the chance of the UAV dropping below the minimum speed at the next time
step with this input. To guarantee satisfaction of the minimum-speed constraints, it is necessary to
instead apply a scaled version of the input
û = ξu,

(22)

which is illustrated in Fig. 3. The thick arrows on the figure show the scaled input and predicted
future velocity respectively. The scaling factor ξ is chosen such that kv + ξuk = vmin + dmax . This
is a quadratic in ξ, which has solutions


q
−2
2
2
T
i
T
2
2
:=
ξi
kuk
−u v + (−1) (u v) − kuk (kvk − (vmin + dmax ) ) ,
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ū(k)
u(k)
v̄ˆ(k + 1|k)
v(k)
vmin + dmax

Fig. 3 Minimum velocity compensation

for i ∈ Z[0,1] . Then, choosing ξ = ξi∗ , where
i∗ := arg min |ξi |,
i

minimizes the anticipated change in velocity induced by (22). In the case where the |v(k)| <
vmin + dmax and kuk = 0, the modified input is selected to be
ū = (vmin + dmax − kvk)v/ kvk .
In both cases, the resulting velocity prediction v̄ˆ(k + 1|k) = v(k) + û(k) satisfies v̄ˆ(k + 1|k) =
vmin + dmax .
Modifying the input in this way introduces a disturbance into the system of maximum magnitude
vmin +dmax , resulting in an overall disturbance magnitude of vmin +2dmax when the wind disturbance
is also considered.
For numerical simulation, the input limit umax = 3, as well as the velocity limits vmax = 4
and vmin = 0.8, are enforced. A wind disturbance is added to the system, with kdk ≤ 0.2. The
model UAV is controlled to a rectangular terminal set through a simple obstacle field using both the
method developed in the previous sections in addition to a more complex mixed-integer controller
using binary variables for collision avoidance and minimum-speed enforcement from [14]. The MPC
cost function in both cases is given by
J(x(k), N ) :=

N
−1
X

1 + 0.01 kū(k + j|k)k ,

j=0
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where a 2-norm of the input is used to cost fuel consumption, assuming the actual UAV can be
modelled as having a single vectored actuator. This results in a Mixed-Integer Second-Order Cone
Program (MISOCP) to be solved at each MPC iteration, where integer variables are used solely to
encode the horizon length and not for obstacle avoidance.
Seven square waysets are placed en route to the terminal set (six intermediate, one initial and
one terminal) to guarantee robust four-step reachability according to Algorithm 1. A maximum
prediction horizon of N = 4 steps is subsequently enforced for each inter-wayset problem. For the
complex controller, obstacle avoidance is encoded explicitly with integer variables, over a prediction
horizon of 32 steps. The minimum-velocity compensation is only needed for the wayset approach,
since the MILP formulation encodes them explicitly. All norm constraints are approximated with
12-sided inner or outer polygon approximations as appropriate. A simplified optimal constraint
tightening policy with a nilpotence constraint, as described in [23, 27], is used for each horizon
length respectively to provide robustness. In addition, the obstacle sets need to be further enlarged
for the complex controller, to ensure that the trajectory does not impinge on the corners of the
obstacles.
Simulations over 100 disturbance realizations using the wayset-based predictive controller results
in the trajectories and velocities shown in Figure 4. In Figs. 4(a)-4(b), obstacles are indicated as
solid black boxes, the target set as a shaded box and the waysets are depicted by the white squares.
The dashed line in Figs. 4(c)-4(d) represent the minimum velocity constraint. The comparison of
computation times and costs are presented in Table 1. The terms ∆tmax and (∆tmax )max represent
the mean and maximum of the maximum solution time per timestep for each disturbance sequence.
Simulations were performed using MATLAB, GUROBI, YALMIP [28] and the MPT Toolbox [29],
on a 2.5 GHz iMac 12.1 running OS X 10.9.2.

Ths simulation results show that for this control problem, the wayset approach is on average
approximately 301 times faster than the complex MILP approach. The contrast is even more stark
when comparing the maximum times, where the wayset approach is 773 times faster than the MILP
approach. The tradeoff is shown by the modest increase in average closed-loop costs, where the
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Scheme
Wayset Controller

∆tmax (∆tmax )max Mean Cost
0.0054

0.0060

14.1052

Complex Controller [14] 1.6369

4.6506

10.1082

Table 1 Numerical Comparison

wayset approach is seen to cost approximately 1.4 times that of the complex MILP approach. This
additional cost primarily arises from the extra highly-conservative tightening applied for miniumspeed constraints; the cost increase is only 1.2 times that of the complex MILP approach when this
tightening is relaxed, at the expense of robustness guarantees to the minimum-speed compensation.
In either scenario, the computational advantage of the wayset approach clearly outweighs the extra
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cost incurred when considering real-time controller implementation. Indeed, the complex MILP
controller could not be implemented in real time, since the sampling rate is 1 Hz. Finally, the closed
loop cost may be improved by tuning the horizon length, number of waysets and wayset shape
appropriately for a given control problem. This will form part of future investigations.

B.

Quadrotor Motion Control With Nonlinear Dynamics

The quadrotor model used to generate the results in this subsection are based on the nonlinear
model developed in [30, Section 4]. This model is linearized with respect to a hovering trim condition
and discretized with the sampling rate of 5 Hz, giving a linear discrete-time system with 16 states
and 4 inputs. The first three states correspond to x, y, and z positions of the quadrotor (m), the
second three states are the linear velocities in the aforementioend directions (m/s). State variables 7,
8, and 9 are roll, pitch, and yaw angles (rad), respectvely, and states 10, 11, and 12 are the angular
velocity of these angles (rad/s). States 13, 14, 15, and 16 are the revolutions of the propellers
(rad/s). The control inputs are the pulse-amplitude modulated signal to the propeller motors, as
described in [30, Section 4]. The linearization is carried at a hover position, i.e. all the states except
for the propellers are zero with propellers rotating at 463.1 rad/s. The descritezed model obtained
from a 5Hz sampling of the linearized system is given below
x(k + 1) = Ax(k) + Bu(k)

(23)

where A and B are given in the appendix. The states and inputs are required to satisfy the operating
constraints
T


|x| ≤

51T3

0.1251T3

0.0785 0.0785 3.1416 3.5 3.5 10

231.551T4

|u| ≤ 50.
The quadrotor is initialized at position (0 m, 0 m, 1 m) in Cartesian coordinates, with all other
states at the origin. The system is thus in a steady hover condition 1 m above the ground. Seven
cubical waysets of side length 2.5 m are placed on a helical arc of radius 1 m and rise of 3.6 × 10−3 m
per degree, traversing an angle of 45◦ . The system is required to transit through all waysets at a
top speed of 0.25 m/s in each coordinate direction. The cost function used for each inter-wayset
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problem is chosen as


N
−1
X

Ji (x(k), N ) := 


1 + 10

−4

ku(k + j|k)k + 500 kx(k + N |k) − wi+1 k ,

j=0

which is a weighted sum of the time to completion and the 1-norm of the inputs (appropriate
given the four independently actuated propellers), augmented with a term that enforces a strong
weighting towards completion of each inter-wayset problem at the trim condition. The additional
cost weighting is necessary in this case, since the linearization of the system is only valid for a small
range of Euler angles about the trim condition. A maximum prediction horizon of 8 steps is chosen
for each problem. Constraint tightening is added to further mitigate the impact of linearization
error, treating this error as a disturbance. The disturbance polytope is given by
¯
D := {d | |d| ≤ d}
where
d¯ :=

>


1 1 0 1 3 3 1 0 0 4 2 2 0 0 0 0

× 10−3 .

The control problem is simulated using the same computational platform as in the previous
example. Fig. 5(a)-5(b) illustrates the resulting trajectory from two different viewpoints. The
corridor is indicated by dashed lines. The Cartesian components of the quadrotor’s velocity is
shown in Fig. 5(c). It can be seen that the extra weighting added to the cost function causes the
quadrotor to slow down slightly as it approaches each wayset. The wayset approach allows the
quadrotor to be controlled in real time, since the maximum solution time per timestep for the MPC
is 0.131 s, lower than the sampling period of 0.2 s.

VI.

Conclusion

This paper has presented a novel approach using model predictive control with waysets for robust
and safe motion control of unmanned aerial vehicles (UAVs) subject to operating constraints. The
proposed scheme requires vastly fewer computational resources when compared to existing methods
presented in the literature. Numerical simulations with a fixed wing UAV and Quadrotor have been
used to demonstrate the applicability of the theoretical results presented in the paper.
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(a) Trajectory in three dimensions

(b) Top view of trajectory
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Fig. 5 Quadrotor simulation

Optimal wayset positioning and consideration of moving obstacles are immediate future research
directions. Moreover, addressing the problem of robust and safe motion control of agents with
nonliner motion models is of significance and will be addressed by extending the present work.
In particular, it should be noted that the problem of travelling between each pair of consecutive
waypoints is independent of the motion between other pairs. Thus, it is envisaged that different
linearized models that approximate the motion between each consecutive pair of waysets can be
considered. As a result, different MPC problems with different models can be solved to achieve a
robust and safe motion of an agent with nonlinear dynamics towards the target.
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APPENDIX
Waypoint Generation and Feasible Maximum Horizon Length Calculation

Algorithm 1: Waypoint Generation
1. Take a sequence of cell centers points, c̄1 , . . . , c̄p̄ , and a maximum horizon length N̄ as inputs.
2. Set the first point in the sequence as the center of waypoint w0 .
3. Pick the next waypoint to be the farthest point in the cell center sequence that satisfies
(17)-(18).
4. Repeat the previous step until
(a) the last waypoint is chosen to be c̄p̄ , i.e. a sequence of feasible waypoints are generated,
or
(b) there is no point in the cell center sequence that (17)-(18) hold for a previously chosen
waypoint.

Algorithm 2: Calculating the Smallest Feasible Maximum Horizon Length N̄
1. Take a sequence of cell centers points, c̄1 , . . . , c̄p̄ , as input.
2. Set the N̄ to be equal to 1.
3. Apply Algorithm 1 to c̄1 , . . . , c̄p̄ and the candidate N̄ .
4. If a sequence of feasible waypoints is generated then return N̄ as the smallest feasible maximum
horizon length. Otherwise, increment N̄ by one and repeat the previous step.
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Quadrotor Dynamics Parameters

The A and B matrices of (23) are given by
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The units in the B matrix have been omitted for brevity.

30






























.






























