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Analysis of Model and Iteration Dependencies in
Distributed Feasible-Point Algorithms for Optimal
Control Computation*
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Abstract—The problem of computing optimal control inputs is
studied for networks of dynamical linear systems, with respect to
separable input constraints and a separable quadratic cost over a
finite time-horizon. The main results concern network structures
for which the iterates of three feasible-point algorithms can be
computed exactly on a subsystem-by-subsystem basis with access
restricted to local model data and algorithm-state information. In
particular, hop-based network proximity bounds are investigated
for algorithms based on projected gradient, random co-ordinate
descent and Jacobi iterations, via graph-based characterisations
of various aspects of an equivalent static formulation of the
optimal control problem.

I. I NTRODUCTION
Within the context of controlling large-scale systems, a
problem of interest is the computation of constrained system
inputs that optimise a control objective over a finite timehorizon. Iterative algorithms that distribute across a network
of computing agents exist for solving such optimisation problems. The ability to respect limitations on the model-data and
algorithm-state information available to each agent may be
important. For example, when privacy is a concern, a restriction on the level of model-data and algorithm-state information
exchange can be viewed as a limit on the extent to which
privacy is sacrificed; see [1]–[3]. Similarly, in situations with a
deadline for the result (e.g. receding-horizon/model-predictive
control), a reduction of communication overheads, achieved
by respecting limits on information exchange, can afford time
for computing additional iterates. Algorithms based on dualdecomposition techniques achieve distributed computation in a
way that respects one-hop limits on the information available
at each step, assuming a computing network architecture that
coincides with that of the network of dynamical systems under
control. However, this comes at the expense of no guarantees
on the feasibility of all iterations, precluding early termination
of such algorithms without special care [4].
This paper is focused on the computation of optimal control inputs over a finite time-horizon for networks of linear
dynamical systems subject to separable input constraints and
a separable quadratic cost. The optimal control problem is
formulated as an equivalent static quadratic programme by
stacking the variable in a particular way. The implementation of three iterative feasible-point algorithms (variants of
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projected gradient, random co-ordinate descent and Jacobi
iterations) for solving this quadratic programme are investigated from the perspective of the model-data and algorithmstate information required at each step and at each computing
agent. The convergence properties of these algorithms, which
naturally distribute across a computing network architecture
that matches the network of dynamical systems, is well understood to be linear (i.e., exponential) in the case of positive
definite cost [5], [6]. Moreover, the feasible-point property
of each iteration ensures that pre-convergence termination is
acceptable, at least in terms of input constraint satisfaction and
consistency with the model dynamics.
The main contribution of this paper is an analysis of
network-hop based limits on the model-data and algorithmstate information available to each computing agent such that
exact implementation of the aforementioned iterative algorithms is possible. Exact implementation of the algorithms
ensures inheritance of corresponding convergence and feasibility properties. Graph models of the network interconnection
structure and the information available for computation underpins the analysis. This leads to conditions on the network
interconnection graph that are sufficient for iterates to be
computable with information limited to a specified `-hop
neighbourhood of each agent.
The results are strongest for networks in which the dynamical subsystems are coupled exclusively through the subsystem
control inputs, without delay, such as urban traffic networks [7]
and gravity-powered water distribution networks [8]. Structure
of this kind is not captured by the aforementioned network interconnection graph; i.e., it is finer level structure. In networks
with input-coupling only, the iterates associated with each
computing agent can be implemented with access restricted to
model-data and algorithm-state information from agents that
lie within a two-hop neighbourhood; this is independent of the
time-horizon of the optimal control problem. By contrast, in
the absence of any structural properties finer than that captured
by the network interconnection graph, the analysis yields a
network-hop bound that grows doubly with the length of the
time horizon.
This paper extends [9], [10] by generalising results to
include conditions for networks with interconnection graphs
involving subsystem coupling via control and state signals.
An outline of the paper is as follows. The problem investigated, including details of the three iterative algorithms
studied and graph-based characterisations of network structure
and model/algorithm-state information limits, is formulated in
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Section II. Network proximity analysis of model and iteration
dependencies is pursued in Section III, where the main results
are all stated. Concluding remarks and future directions are
given in Section IV.

where xi (t), ξi ∈ Rpi , ui (t) ∈ Rmi , Aii ∈ Rpi ×pi , Bii ∈
Rpi ×mi for some positive integers pi , mi , and
X
X
vi (t) =
Bil ul (t) +
Ail xl (t).
(2)
l∈V\{i}

The control inputs are restricted to convex polytopes Ui ,
i.e. ui (t) ∈ Ui for all i ∈ V and all t ∈ t0 : t0 + τ − 1.

II. P ROBLEM F ORMULATION
First, some basic notation is established. Aij denotes the
ij-th block of block matrix A, and aij is the j-th entry of
vector ai . For given integers a and b, i = a : b means the
same as i = a, a + 1, . . . , b. The expression A  0 is used if
A is symmetric positive definite, A> for the transpose of A
and, Im and 0m for the m×m identity-matrix and zero-matrix
respectively. Moreover, A ⊗ B denotes the Kronecker product
of A by B. The notation x(t) and x(t1 : t2 ) means the value
of x at time t and the concatenation of values of x at times
t = t1 : t2 , respectively. Finally, ∧ is logical conjunction and
∨ logical disjunction.
The following graph theoretic terminology is used in subsequent analysis to characterise important aspects of the problem
of computing optimal control inputs for the network over a
finite time-horizon. A graph is an ordered pair R = (P, Q),
where P is a set of elements called vertices or nodes and Q
is a set of ordered pairs of vertices, called edges or arcs. A
graph is called undirected if (i, j) ∈ Q ⇐⇒ (j, i) ∈ Q;
otherwise it is directed. A walk is a sequence wv1 vk =
(v1 , e1 , v2 , e2 , . . . , ek−1 , vk ) of vertices vi ∈ P and edges
ei ∈ Q such that ei = (vi , vi+1 ) for all i < k. The vertex
v1 is called the initial vertex of wv1 vk and vk is the terminal
vertex of wv1 vk . The length of the walk is the number of
edges in wv1 vk . A path in R is a walk in which all vertices
are distinct and a cycle in R is a walk of non-zero length with
the same initial and terminal vertex. The distance dR (i, j) in
R between two vertices i, j ∈ P is the length of a shortest
path with initial vertex i and terminal vertex j, or ∞ if no such
path exists, or 0 if i = j. The p-th power of a graph R is a
graph with the same set of vertices as R and an edge between
two vertices if and only if there is a path of length at most p
between them in R. A rooted tree is a directed graph such that
the underlying undirected graph has no cycles and all edges
point away from a root vertex which has zero in-degree. A
cycle graph consists of a single cycle, and the disjoint union
of two graphs with disjoint vertex sets is constructed from
the union of the vertex sets and the union of the edge sets.
For a given integer ` ≥ 0, the `-hop in-neighbours and `hop out-neighbours of node i in the graph R are denoted
by Ni−(R, `) = {v : dR (v, i) ≤ `} and Ni+(R, `) = {v :
dR (i, v) ≤ `}, respectively. Moreover, the set of mutual neighbours that are within a distance of α from a node i and within
a distance of θ from
a node j, simultaneously, is denoted by

Wij (R, α, θ) = l : i ∈ Nl−(R, α) ∧ j ∈ Nl−(R, θ) .
Now, consider a network of n > 1 interconnected discretetime linear systems in set V = {1 : n}. Each subsystem i ∈ V
is described by the state-space model
xi (t + 1) = Aii xi (t) + Bii ui (t) + vi (t), t ≥ t0
xi (t0 ) = ξi ,

l∈V\{i}

(1)

Definition 1. For the network of systems V with subsystem
dynamics (1), the interconnection graph is defined to be I =
(V, EI ), where EI = {(j, i) ∈ V × V : i 6= j ∧ (Aij 6=
0 ∨ Bij 6= 0)}. Similarly, the state-coupling interconnection
graph is defined to be the subgraph A = (V, EA ) ⊂ I, where
EA = {(j, i) ∈ V × V : i 6= j ∧ Aij 6= 0}, and the controlcoupling interconnection graph is defined to be the subgraph
B = (V, EB ) ⊂ I, where EB = {(j, i) ∈ V × V : i 6= j ∧ Bij 6=
0}. Note I = (V, EA ∪ EB ).
Remark 1. Coupling delay between subsystems can be accommodated within the model structure (1-2) by augmenting
the state of each node with a sufficiently large number of delay
states as required for out-neighbours to access an appropriately
delayed version of the input or state according to an equation
of the form (2). This would lead to structure in the matrices
Ail and Aii , which is finer than that captured by the interconnection graph I = (V, E). Such structure is not exploited in
subsequent analysis, which is therefore conservative.
Definition 2. The underlying network graph associated with
the interconnection graph I is defined
S to be the undirected
graph G = (V, E), where E = EI {(j, i) : (i, j) ∈ EI }.
Moreover, the `-hop neighbour set of i in graph G is defined
to be Ni (G, `) = {v ∈ V : dG (i, v) ≤ `}.
Given τ ≥ 1, the object is to calculate a τ -horizon optimal
control input for the network of subsystem with dynamics (1)
by minimising the following cost-function:
f (u1 , . . . , un ) =

1
2

+τ −1
X t0 X
i∈V

fi (xi (t + 1), ui (t))

(3)

t=t0

where fi (x, u) = x> Qi x + u> Ri u, Qi  0, Ri  0, and
ui = ui (t0 : t0 + τ − 1) ∈ Uiτ = Ui × · · · × Ui .

(4)

Defining

u = u>
1

...

u>
n

>

,

(5)

and U = U1 × · · · × Un , the optimal control can be computed
by solving the following quadratic programme:
u? = arg min f (u).

(6)

u∈U

The information needed to implement (exactly) the following three feasible-point algorithms for solving (6) is investigated below. These algorithms are all amenable to distributed
implementation by virtue of the separable structure of the input
constraints and cost function under consideration, assuming
a computing network architecture that coincides with the
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network of dynamical systems under control. The algorithms
can be viewed as special cases of the following:


(7)
uk+1 = uk − D(k)∇f (uk ) U
where
[u]U = arg min||u − µ||.

Remark 4. By definition, Kik(`) contains model-data and
algorithm-state information collected from only those nodes
within `-hops of node i in the underlying interconnection
graph G. Hence, if Kik(`) contains enough information to
implement the update of uk+1
, then agent i need only comi
municate with agent j ∈ Ni (G, `).

(8)

µ∈U

III. G RAPH - BASED A NALYSIS OF I TERATE D EPENDENCIES

Algorithm 1 (Projected-gradient). Let ρ0 , ρ, σ > 0 be such
that ∇2 f (u) ≤ ρ−1
0 In(τ −1) for all u ∈ U and 0 < σ ≤ ρ ≤
2ρ0 − σ. In (7) set D(k) = ρ for all k. See [11] for further
details.
Remark 2. Note that choosing ρ requires some a priori global
knowledge about the cost function, namely, an upper bound
on the largest eigenvalue of the Hessian. This is simple to
compute for a quadratic programme.
Algorithm 2 (Random co-ordinate descent). At each iteration
k randomly select a subsystem i ∈ V from some distribution
for which each subsystem has non-zero probability. In (7)
set D(k) = diag{0m0 , . . . , ρi Imi , . . . , 0mn } where ρi is a
positive constant. See [6], [12] for further details.
Algorithm 3 (Jacobi iterations). These involve the iterative
solution of a collection of smaller sub-problems as indicated
below:


arg min f (u1 , uk2 , . . . , ukn )
 u1 ∈U1



..
k+1
.
u
=
(9)
.




k
k
arg min f (u1 , . . . , un−1 , un )
un ∈Un

See [5] for further details.
Remark 3. The update in (9) is the standard form of Jacobi
iterations, however, the following iterations found in [13], for
example, also converge to the same value:


k+1
k
k
k
ui = (1 − wi )ui + wi arg min f (u1 , . . . , ui , . . . , un )
ui ∈Ui

P

where wi > 0 and
i∈V wi = 1. As both versions of the
Jacobi iterations are the same in terms of the information
required to implement an iterate, only (9) is considered subsequently (i.e. wi = 1 for all i).
Conditions are sought such that at each node i the update
uk+1
can be implemented exactly, given access to local modeli
data and algorithm-state information.
Definition 3. Given ` ≥ 0 and i ∈ V, a so-called `-hop limit
restricts the information available to node i at time k to the
following collection of objects
[

Kik(`) = Ajl , Bjl , Qj , ξj , ukj j∈Ni (G,`)
{Ri , Ui } .
l∈Nj−(I,1)

Problem 1. For given ` > 0, find conditions on the interconnection graph I such that, for all i ∈ V, the iterates uk+1
in
i
(7) or (9) can be implemented from the information in Kik(`)
alone.

Subsequently, it is shown that for each i ∈ V the cost
function in (3) can be decomposed as
f (u) = gi (u) + hi (. . . , ui−1 , ui+1 , . . .),
with gi (·) dependent on ui and hi (·) not dependent on ui .
Correspondingly, by exploiting the separability of the input
constraint set U = U1 × · · · × Un , the iterations in (7) can be
decomposed as


uk+1
= uki − %(k)∇gii (uki ) Ui
(10)
i
where gii = ui 7→ gi (. . . , uki−1 , ui , uki+1 , . . .) and %(k) is
either ρ, ρi or 0, depending on D(k). Similarly, the Jacobiiterations can be written as
uk+1
= arg min gii (ui ).
i

(11)

ui ∈Ui

The dependence of the mapping
gii = ui 7→ gi (. . . , uki−1 , ui , uki+1 , . . .)

(12)

on the model data and the algorithm state uk is explored below.
A graph-based characterisation of the dependencies is sought
in a form that facilitates investigation of Problem 1. This
leads to several results about interconnection graph structures
for which the functional dependence of gii on ui can be
completely determined from information in Kik(`) at iteration
k > 0, for given instances of the network-proximity based
information limit ` > 0.
A. Coupling Through Controls and States
The subsystem coupling (2) can be expressed as
X
X
vi (t) =
Ail xl (t) +
Bil ul (t),
l∈Ni−(A,1)\{i}

(13)

l∈Ni−(B,1)\{i}

for i ∈ V, where the state-coupling graph A and controlcoupling graph B are as in Definition 1. Generally, EA 6= ∅
and EB 6= ∅. This case is considered first. The cases EB =
∅ and EA = ∅ are considered in Sections III-B and III-C,
respectively.
Let




A11 · · · A1n
B11 · · · B1n
 .
 .
.. 
.. 
..
..



A=
.
.
.  and B =  ..
. .
 ..
An1 · · · Ann
Bn1 · · · Bnn
A state-space model for the overall network is then given by
x(t + 1) = Ax(t) + Bu(t),
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where x(t) = [x1 (t)> , . . . , xn (t)> ]> and u(t) defined similarly. Let Φ(k) = Ak and


Φij (0)
0
···
0



.. 
..


.
Φij (1) Φij (0)
. 


Mij (k) = 
,
 .

..
..
 ..
.
.
0 




Φij (k)
···
Φij (1) Φij (0)
for k = 0, 1, . . . . Then, for t = t0 + 1 : t0 + τ , each subsystem
i = 1 : n evolves according to
xi (t) =

X

Φij (t − t0 )ξj +

j∈V

t−1 X
X

Φil (t − k − 1)Blj uj (k).

k=t0 l,j∈V

Stacking xi (t) over the horizon, it follows that


xi (t0 + 1)
X


..

=
Φij (1 : τ )ξj + Mil (τ − 1)Blj uj (14)
.


l,j∈V
xi (t0 + τ )
where Bij = Iτ ⊗ Bij and uj is as in (4). As such, with (5),
the cost function (3) can be re-written compactly as
f (u) = 21 u> Πu + u> Ψξ + ξ > Λξ
= gi (u) + hi (. . . , ui−1 , ui+1 , . . .),

Through the use of Lemma 1, the relationship between Π,
Ψ, A and B can be understood by excluding the terms in (15)
that are known to be zero by virtue of the network structure.
Consider, for example, the following term in the summation
for Πij in (15), given fixed l, i, j, r, s and τ :
Ξ = (Mlr (τ − 1)Bri )> Ql Mls (τ − 1)Bsj .

Clearly, Ξ = 0 if any of the multiplicands in (16) are zero.
By Lemma 1, it follows that Mlr (τ − 1) = 0 if D contains
no walks of length (τ − 1)-or-fewer from vertex r to vertex l.
Hence, Mlr (τ − 1) and Mls (τ − 1) are both potentially nonzero if D contains a (τ − 1)-or-fewer length walk from both
r to l and s to l. The set Wrs (D, τ − 1, τ − 1) (Definition 1)
captures all vertices that satisfy this condition. Moreover, as
A is equivalent to the graph constructed by removing all
self-loops from D, it follows that Wrs (D, τ − 1, τ − 1) =
Wrs (A, τ −1, τ −1). Similarly, if s ∈
/ Nj+(B, 1), then Bsj = 0.
Hence, Bsj is potentially non-zero when s ∈ Nj+(B, 1).
Using the same analysis on the other summands in (15),
the matrices Π, Ψ and Λ can be restated in a form which
illuminates the relationship to the coupling graphs A and B:
X
>
Πii = Ri +
B>
i∈V
ri Mlr (τ − 1)Ql Mls (τ − 1)Bsi ,
r,s∈Ni+(B,1)
l∈Wrs (A,τ −1,τ −1)

Πij = Π>
ji =

X

>
B>
ri Mlr (τ − 1)Ql Mls (τ − 1)Bsj ,

l∈Wrs (A,τ −1,τ −1)

gi (u) =

1 > +
2 u Πi u

>

+u

(17)

Ψ−
i ξ.

The non-zero entries of Π+
i coincide in value and location
with those of Π in the i-th row and column. All other entries
are zero. Similarly, the non-zero entries of Ψ−
i coincide in
value and location with those of Ψ in the i-th row; remaining
entries are zero valued. The matrices Π, Ψ, Λ are given by
X
>
Πii = Ri +
B>
i ∈ V,
ri Mlr (τ − 1)Ql Mls (τ − 1)Bsi ,
r,s,l∈V

Πij = Π>
ji =

X

>
B>
ri Mlr (τ − 1)Ql Mls (τ − 1)Bsj ,

i 6= j,

r,s,l∈V

Ψij =

X

>
B>
ri Mlr (τ

− 1)Ql Φlj (1 : τ ),

X

>
B>
ri Mlr (τ − 1)Ql Φlj (1 : τ ),

i, j ∈ V,

r,l∈V
1
2

X

Φ>
li (1 : τ )Ql Φlj (1 : τ ),

i, j ∈ V,

l∈V

with Ql = Iτ ⊗ Ql and Ri = Iτ ⊗ Ri .
The following lemma is useful in establishing a relationship
between Π, Ψ, and the coupling graphs A and B. The proof
is deferred to the appendix.
Lemma 1. Let A be a square matrix, partitioned into blocks
Aij where i, j ∈ V = {1 : n}. For any positive integer k, let
Φij (k) denote the ij-block of Φ = Ak . Associate with A the
directed graph D = (V, ED ), where ED = {(j, i) ∈ V × V :
Aij 6= 0} and define P(k, j, i) to be the set of all k-length
walks in D from initial vertex j to terminal vertex i. Then,
P(k, j, i) = ∅ =⇒ Φij (k) = 0.

i, j ∈ V

r∈Ni+(B,1)
l∈Wrj (A,τ −1,τ )

X

1
Φ>
li (1
2
l∈Wij (A,τ,τ )

Λij =

: τ )Ql Φlj (1 : τ ).

i, j ∈ V

Definition 4. The undirected optimisation graph O(Π, Ψ) =
{V, EO } is such that (i, j), (j, i) ∈ EO ⇐⇒ (Πij 6= 0) ∨
(Ψij 6= 0), where Π and Ψ are defined in (17). Moreover,
[

Jik = Ajl , Bjl , Qj , ξj , ukj
{Ri , Ui }
j∈Mi
l∈Nj−(I,1)

(15)

Λij =

i 6= j

r∈Ni+(B,1),s∈Nj+(B,1)

where

Ψij =

(16)

where Mi = {j : (i, j) ∈ EO }.
By construction, at iteration k > 0, access to the model
data in Jik is sufficient to completely determine gi (u) =
> −
(1/2)u> Π+
i u + u Ψi ξ for arbitrary u ∈ U. Moreover,
in view of the algorithm-state information also contained in
Jik , the mapping gii in (12) can be constructed, as required
to implement the iteration (10) or (11) for node i ∈ V.
The next theorem establishes conditions on the network and
interconnection graphs G and I that imply Jik ⊆ Kik(`),
yielding an answer to Problem 1 in the generic case of
both state and input coupling, for specific instances of the
information limit `. The proof is deferred to the appendix,
with the proofs of all subsequent results in this section.
Theorem 1. In the general case of state and control coupling,
the following hold for all time-horizons τ > 0, iterations k > 0
and nodes i ∈ V:

2325-5870 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCNS.2016.2590138, IEEE
Transactions on Control of Network Systems
5

1) For ` = 0, Jik = Kik(`) if and only if EI = ∅;
2) For ` = τ , Jik ⊆ Kik(`) if dG (i, j) ≤ ` for all i, j ∈ V
such that Wij (I, `, `) 6= ∅;
3) For ` ≥ 2τ , Jik ⊆ Kik(`).
Remark 5. In essence, a subsystem’s contribution to the
global cost can be computed locally, and hence locally minimised, provided it can calculate the states of all the subsystems influenced by its control ui over the τ -length horizon.
Under worst-case conditions ui may affect the states of all
subsystems j ∈ Ni+(I, τ ). Hence, subsystem i must be able to
reconstruct the states of all such subsystems. Similarly, under
worst-case conditions, the state of a subsystem j ∈ Ni+(I, τ )
may be influenced by subsystems l ∈ Nj−(I, τ ). Thus, as
dG (i, l) ≤ 2τ for all l, the gathering of model data and
algorithm state from subsystems Ni (G, 2τ ) is sufficient for
subsystem i to compute ui .
Remark 6. The second statement of Theorem 1 illustrates
that iterates can be computed locally using τ -hop information
when the interconnection graph is structured in a particular
way. When there exists a pair (i, j) such that Wij (I, τ, τ ) 6=
∅, the model data and algorithm-state of subsystem j must
be collected by i. This is due to subsystems i and j both
affecting the state of some common subsystem over the τ length horizon. Hence, if all such pairs of (i, j) are also within
τ -hops in G then i can compute ui using information collected
from just Ni (G, τ ).
B. Coupling Through States
Consider the case of state coupling only, i.e.
X
vi (t) =
Ail xl (t).

(18)

l∈Ni−(A,1)\{i}

Theorem 2. In the case of state coupling only, in that EB = ∅,
the following hold for all time-horizons τ > 0, iterations k > 0
and nodes i ∈ V:
1) For ` = τ , Jik ⊆ Kik(`) if dG (i, j) ≤ ` for all i, j ∈ V
such that Wij (I, ` − 1, `) 6= ∅.
2) For ` ≥ 2τ − 1, Jik ⊆ Kik(`).
Remark 7. When no control coupling exists, a subsystem’s
control ui can affect the states of subsystems j ∈ Ni+(I, τ −1).
Thus, similar to Remark 5, model data and algorithm-state
collected from Ni+(G, 2τ − 1) is sufficient for i to compute
ui .
C. Coupling Through Controls
Consider the case of control input coupling only, i.e.
X
Bil ul (t).
(19)
vi (t) =
l∈Ni−(B,1)\{i}

Theorem 3. In the case of control input coupling only, in
that EA = ∅, the following hold for all time-horizons τ > 0,
iterations k > 0 and nodes i ∈ V:
1) For ` = 1, Jik = Kik(`) if and only if dG (i, j) ≤ ` for all
i, j ∈ V such that Wij (I, `, `) 6= ∅;
2) For ` ≥ 2, Jik ⊆ Kik(`).

(a)

(b)

Figure 1: Examples of different interconnection graphs that
satisfy the conditions of Theorem 3 for ` = 1. Figure 1a is a
rooted tree and Figure 1b is the square of a five node cycle
graph.
Remark 8. When coupling is through control inputs only,
a subsystem i can only affect the states of its immediate
neighbours in the interconnection graph. Hence, in order
to calculate the states of subsystems j ∈ Ni+(I, 1), it is
sufficient to collect model-data and algorithm-state from the
set Ni (G, 2).
In the special case of a one-hop information limit (i.e. ` =
1), the condition Jik = Kik(1) is equivalent to O(Π, Ψ) = G.
Graph structures for which this holds include:
1) (V, EI ) is a power of a disjoint union of rooted trees.
2) (V, EI ) is a power of a disjoint union of cycle graphs.
3) (V, EG ) is a complete graph.
See Figure 1 for some examples.
The remainder of this section provides examples of how
Theorem 3 can be applied. Specifically, Theorem 3 can be
used to construct procedures that verify if a control coupling
can be added to or removed from the network without compromising the ability for iterations to be implemented locally
with an ` = 1 network-hop limit on model and algorithmstate information. Such coupling additions and removals are
characterised in Procedures 1 and 2. In particular, given a
graph that already satisfies the ` = 1 conditions, Procedure 1
checks if the addition of a new edge (i,j) maintains these
conditions by verifying that all l such that j ∈ Wil (I, 1, 1) 6= ∅
also satisfies dG (i, l) ≤ 1. An example of the couplings that
Procedure 1 would allow is depicted in Figure 2. Similarly, by
repeatedly applying Procedures 1 and 2, it is also possible to
devise a method for verifying if a new subsystem, i.e. vertex
in the interconnection graph, can be connected to or removed
from the network without compromising the ` = 1 conditions.
Remark 9. Although Procedures 1 and 2 only verify the ` = 1
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Procedure 1 Adding a new edge (i, j) to I that maintains
Theorem 3 (` = 1) conditions.
Require: G = O(Π, Ψ), ι = true {subsystem iterates computable using one-hop information only.}
for l ∈ Nj−(I, 1) \ {j} do
if (l ∈
/ Ni−(I, 1) \ {i} and l ∈
/ Ni+(I, 1) \ {i}) then
ι ← false
break
end if
end for
if ι = true then
S
EI ← EI {(i, j)} {edge (i, j) is added.}
end if
Procedure 2 Removing an edge (i, j) from I that maintains
Theorem 3 (` = 1) conditions.
Require: G = O(Π, Ψ), ι = true {subsystem iterates computable using one-hop information only.}
for l ∈ V do
if (i ∈
/ Nl−(I, 1) \ {l} and j ∈
/ Nl−(I, 1) \ {l}) then
ι ← false
break
end if
end for
if ι = true then
EI ← EI \ {(i, j)} {edge (i, j) is removed.}
end if

network conditions in Theorem 3, alternative procedures for
checking the conditions established in Theorem 1, 2 and 3 for
any fixed `-hop limit can be constructed in a similar manner.
IV. C ONCLUSION
Model and iteration dependencies of three feasible-point
algorithms for input constrained optimal control computation
are investigated in this paper using graph-based characterisations of the network structure of the system and the structure
of the optimisation problem. Results are established on the
structure of network interconnection graphs such that computation of the iterates for each subsystem is possible while
respecting specific `-hop neighbourhood limits on the model

2

4

1

3

Figure 2: The interconnection graph I associated with the
solid edges satisfies the ` = 1 conditions in Theorem 3. The
dashed edges are new control couplings that could be added
to I without compromising the ` = 1 conditions, as identified
by Procedure 1 given I. Once an edge has been added the
procedure must be run again on the new interconnection graph.

and algorithm-state information available. In the special case
of subsystem coupling via control inputs only, the conditions
hold independently of the time-horizon of the optimal control
problem, while more generally the proximity of information
needed for computation grows with the time-horizon. More
graphs structures for which one-hop limits are possible are
identified in this special case.
Future research directions include consideration of the
following: 1) state constraints; 2) non-linear dynamics; and
3) reduction of conservativeness by exploiting finer level
structures than those captured by the network interconnection
graph, such as structure arising from coupling delays.
A PPENDIX
Proof of Lemma 1: To prove the contrapositive, suppose
Φij (k) 6= 0. Since
X
X
Φij (k) =
···
Ailk−1 Alk−1 lk−2 · · · Al2 l1 Al1 j , (20)
lk−1 ∈V

l1 ∈V

there exists at least one set of indices S = (l1 , . . . , lk−1 )
such that Ailk−1 Alk−1 lk−2 · · · Al2 l1 Al1 j is a non-zero matrix. For this to be the case, each sub-matrix in the expression must be non-zero. From the definition of A, this
implies that (j, l1 ), (l1 , l2 ), . . . , (lk−1 , i) ∈ EA . Therefore,
ω = (j, (j, l1 ), l1 , (l1 , l2 ), l2 , . . . , lk−1 , (lk−1 , i), i) is a walk
in A that begins at vertex j, traverses k edges and terminates
at vertex i. Hence, ω ∈ P(k, j, i).
Proof of Theorem 1: Note, Jik = Kik(`) ⇐⇒ Mi =
Ni (G, `) with Mi = {j : (Πij 6= 0) ∨ (Ψij 6= 0)}. We now
proceed by considering each case of `.
(⇒ |` = 0) Fix ` = 0 and suppose I = (V, ∅). This implies
that Ni (G, `) = {i} for i = 1 : n, and since I = (V, EA ∪
EB ), A and B are edgeless graphs. Hence, Ni+(B, 1) = {i},
Nj+(B, 1) = {j}, Wij (A, τ − 1, τ − 1) = ∅ and Wij (A, τ −
1, τ ) = ∅ when i 6= j, which implies Πij = Ψij = 0, therefore
j∈
/ Mi if j 6= i. As Ri is assumed to be non-zero, then Πii
is always non-zero hence i ∈ Mi , i = 1 : n. Therefore,
Mi = Ni (G, `) and equivalently Jik = Kik(`).
(⇐ |` = 0) Fix ` = 0 and suppose Mi = Ni (G, `). ` = 0
implies Ni (G, 0) = {i} = Mi . We wish to show that both A
and B are edgeless. Now Mi = {i} implies that Ψij = Πij =
0 for all i 6= j. Ψij = 0 in conjunction with i ∈ Ni+(B, 1)
implies that Wij (A, τ − 1, τ ) = ∅ for all i 6= j, and since it is
always true that i ∈ Ni−(A, τ −1), the definition of Wij (A, τ −
1, τ ) shows that (Wij (A, τ − 1, τ ) = ∅) ∧ (i ∈ Ni−(A, τ −
1)) =⇒ j ∈
/ Ni−(A, τ ). If j is not a τ -hop in-neighbour
of i, then j ∈
/ Ni−(A, 1) hence, no two distinct nodes in A
are neighbours, therefore A is edgeless. We now show that
B is edgeless by contradiction. Suppose a j 6= i exists such
that j ∈ Ni+(B, 1), since it’s always true that j ∈ Nj+(B, 1)
but by assumption Ψij = 0 we need Wjj (A, τ, τ − 1) = ∅,
however, it is always true that j ∈ Wjj (A, τ, τ −1), implying
that Ψij is generically non-zero, i.e. a contradiction. Therefore,
for all j 6= i, j ∈
/ Ni+(B, 1), hence, no two distinct nodes are
neighbours in graph B, therefore B is edgeless. Ergo, I too is
edgeless.
(` = τ ) Suppose I satisfies the structure described by
Theorem 1:2. Select an arbitrary j ∈ Mi , from this we know
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that either Πij 6= 0 or Ψij 6= 0. Suppose Πij 6= 0, this implies
that ∃r, s, l such that (r ∈ Ni+(B, 1)) ∧ (s ∈ Nj+(B, 1)) ∧ (l ∈
Wsr (A, τ − 1, τ − 1)). Since I is the graph union of A and
B, the existence of r, s and l ensures that l ∈ Wij (I, τ, τ ).
As the structure imposed on I requires dG (i, j) ≤ ` when
Wij (I, τ, τ ) 6= ∅, it follows that j ∈ Ni (G, `). Now suppose
Ψij 6= 0. Similar to Πij 6= 0 case, the existence of r and l
such that (r ∈ Ni+(B, 1)) ∧ (l ∈ Wrj (A, τ − 1, τ )) implies
Wij (I, τ, τ ) 6= ∅, hence by the structure imposed on I,
j ∈ Ni (G, `). Combining the two cases above we have shown
that Mi ⊆ Ni (G, `).
(` ≥ 2τ ) Let j ∈ Mi , again, this is equivalent to Πij 6= 0
or Ψij 6= 0. From the (` = τ ) proof above, we saw that
Πij 6= 0 or Ψij 6= 0 implies ∃l such that l ∈ Wij (I, τ, τ ).
From the definition of Wij (I, τ, τ ) we know that dG (i, j) ≤
dG (i, l) + dG (j, l) ≤ τ + τ ≤ `, therefore j ∈ Ni (G, `). It
immediately follows from Mi ⊆ Ni (G, `) that Jik ⊆ Kik(`).
Proof of Theorem 2: (` = τ ) Suppose I satisfies the
structure described by Theorem 2:2. Select an arbitrary j ∈
Mi , from this we know that either Πij 6= 0 or Ψij 6= 0.
Suppose Πij 6= 0, this implies that ∃r, s, l such that (r ∈
Ni+(B, 1)) ∧ (s ∈ Nj+(B, 1)) ∧ (l ∈ Wsr (A, τ − 1, τ − 1)).
Since B is edgeless, the existence of r, s and l ensures that
l ∈ Wij (I, τ −1, τ −1). As the structure imposed on I requires
dG (i, j) ≤ ` when Wij (I, τ − 1, τ ) 6= ∅, it follows that j ∈
Ni (G, `). Now suppose Ψij 6= 0. Similar to the Πij 6= 0 case,
the existence of r and l such that (r ∈ Ni+(B, 1)) ∧ (l ∈
Wrj (A, τ − 1, τ )) implies Wij (I, τ − 1, τ ) 6= ∅, hence by
the structure imposed on I, j ∈ Ni (G, `). Combining the two
cases above we have shown that Mi ⊆ Ni (G, `).
(` ≥ 2τ − 1), Let j ∈ Mi , this is equivalent to Πij 6= 0 or
Ψ 6= 0. Suppose Πij 6= 0, this implies that ∃r, s, l such that
(r ∈ Ni+(B, 1))∧(s ∈ Nj+(B, 1))∧(l ∈ Wsr (A, τ −1, τ −1)).
Since B is edgeless, Ni+(B, 1) = {i} and Nj+(B, 1) = {j},
hence, l ∈ Wij (I, τ − 1, τ − 1). This implies that dG (i, j) ≤
2τ − 2 < `, i.e. j ∈ Ni (G, `). Now suppose Ψij 6= 0, this
implies the existence of r and l such that (r ∈ Ni+(B, 1)) ∧
(l ∈ Wjr (A, τ, τ − 1)). Again, since Ni+(B, 1) = {i}, this
implies l ∈ Wij (I, τ − 1, τ ), hence dG (i, j) ≤ 2τ − 1 ≤ ` and
j ∈ Ni (G, `). Therefore, Jik ⊆ Kik(`).
Proof of Theorem 3: First note that I = B enforces
that Wji (A, τ − 1, τ − 1) ⊆ Wij (A, τ − 1, τ ) = ∅ if i 6= j,
and Wji (A, τ − 1, τ − 1) ⊆ Wij (A, τ − 1, τ ) = {i} if i = j.
Moreover, Πij = 0 ⇐⇒ Ψij = 0 since Wji (I, 1, 1) =
∅ ⇐⇒ j ∈
/ Ni+(I, 1), hence Mi = {j : Πij 6= 0}.
(⇒: ` = 1) Fix ` = 1, and suppose the interconnection
graph I satisfies the structure described by Theorem 3:2. We
now wish to show that this structure implies Mi = Ni (G, 1).
Let, j ∈ Mi . This implies Πij 6= 0 and from (17), since A is
edgeless, this can only be true if and only if ∃l ∈ Wij (I, 1, 1).
As the structure imposed on I requires dG (i, j) ≤ 1, then j ∈
Ni (G, 1); hence Mi ⊆ Ni (G, 1). Now, suppose j ∈ Ni (G, 1),
from the definition of Wij (I, 1, 1), this implies either j ∈
Wij (I, 1, 1) or i ∈ Wij (I, 1, 1), thus Πij 6= 0 and j ∈ Mi .
Therefore Mi = Ni (G, 1) for all i ∈ V. This is equivalent to
G = O(Π, Ψ).
(⇐: ` = 1) Fix ` = 1, and suppose the interconnection

graph I has the following structure: there exists a pair (i, j)
such that Wij (I, 1, 1) 6= ∅ and dG (i, j) > 1. We wish to
show that this implies Mi 6= Ni (G, 1). Fix i and j to be this
pair. This implies Πij 6= 0 as ∃l ∈ Wij (I, 1, 1). However,
j∈
/ Ni (G, 1) as dG (i, j) > 1, therefore Mi 6= Ni (G, 1).
(` ≥ 2) Let j ∈ Mi , this is equivalent to Πij 6= 0. From
the (` = 1) case, we saw that Πij 6= 0 implies ∃l such that
l ∈ Wij (I, 1, 1). From the definition of Wij (I, 1, 1) we know
that dG (i, j) ≤ dG (i, l) + dG (j, l) ≤ 1 + 1 ≤ 2, therefore
j ∈ Ni (G, 1); hence, Mi ⊆ Ni (G, 1).
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