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Abstract: A total least squares approach to estimating the line admittances of an electrical
network for power distribution is explored. It is observed that the Newton iterates for solving
the corresponding non-linear Karush-Kuhn-Tucker (KKT) optimality conditions are structured
for path and tree networks. In particular, it is revealed that a condensed form of the linear
system of equations to be solved at each Newton step has a sparse block arrow-head structure,
which can be exploited to improve the scalability of the approach. A numerical example for a
path network is presented.
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1. INTRODUCTION
Parameter estimation problems for error-in-variables models, where both the input and output data are noisy,
often arise in systems engineering (Söderström, 2007). An
approach involves the construction of parameter estimates
from the data by solving a deterministic optimization
problem. In many cases, this optimization problem can be
encoded in the so-called total least squares form (Huffel
and Lemmerling, 2002). An example of error-in-variables
modeling arises in the study of electrical networks for
power distribution (Yu et al., 2017). The modelling problem of interest is to determine the parameters of the
flow-drop relationships (i.e., admittances) from node (i.e,
bus) measurements, in a way that adheres to Kirchoff’s
laws, which reflect the conservation of physical quantities
according to the particular network interconnection structure. A related challenge is to exploit the corresponding
structure of the parameter estimation problem in order
to facilitate the treatment of large-scale networks. First
steps in this direction are explored below. It is envisaged
that the main ideas extend to networks that are consistent
with Kirchoff conservation laws more generally (Oster and
Desoer, 1971).
In this paper, the problem of estimating the line admittance parameters of an electrical network with given
topology is formulated as a deterministic optimization
problem. The problem data comprises error-prone measurements of the voltage (potential difference to a datum)
and injected current (reflecting the corresponding power
supply / load) phasors at each node. In Yu et al. (2017)
voltage magnitude, and power measurements are used for
each node, which leads to a non-linear dependence of the
model on the parameter. By contrast, the relationship is
linear for the choice of measurements considered below,
allowing the problem to be formed as a total least squares
problem. This structured optimization problem would also
arise for a maximum likelihood formulation, in the case

where measurement noises have Gaussian distributions.
The structure arising in Newton iterations for solving
the corresponding Karush-Kuhn-Tucker (KKT) optimality
conditions are explored. In particular, for path and tree
networks it is found these iterations can be expressed in
terms of the solution of a condensed system of linear equations that has a block arrow-head structure. Numerical
results suggest that working with this condensed form is
computationally advantageous.
In Ardakanian et al. (2017), the parameter estimation
problem is combined with topology estimation in electrical
networks. However, a traditional least squares approach is
used which does not explicitly account for errors that could
arise in measurements of the input/dependent variables,
which can give rise to biased estimates. In Marelli et al.
(2015), a distributed algorithm is proposed for solving a
weighted least squares estimation problem for power networks. This algorithm arises from a linearization originally
considered in Schweppe and Rom (1970). By contrast, the
developments below relate directly to the non-convex total
least squares problem and the structure of the resulting
KKT conditions. Total least squares problems with structure are studied in Huffel and Lemmerling (2002), especially the Toeplitz type matrix structure associated with
dynamical systems. Here, the structure in the problem
stems from the Kirchoff laws underlying the system model.
In Beck and Eldar (2010) a regularization is applied to the
structured total least squares (STLS) problem to arrive at
a new problem referred to as structured total maximum
likelihood (STML). The STLM problem is shown to have
desirable properties such as guaranteed existence of a
solution, which does not necessarily hold for the standard
STLS problem. Given that the STML inherits the same
structure as the original problem it is expected the techniques exploited here can be extended to this problem.
In Cavraro et al. (2015), the related problem of network
topology reconstruction is studied in terms of an algorithm

that involves a library of possible topologies and using
data to determine the closest match. Efficiency in solving
parameter estimation problems for any given topology is
required in such an approach which motivates the issues
considered below.
The paper is structured as follows. Section 2 includes the
formulation of the total least squares estimation problem
and the corresponding KKT conditions. Newton iterations
for solving the KKT conditions are investigated in Section 3, where the structure of a condensed system of linear
equations to solve at each step is revealed, for path and tree
networks in particular. Numerical results are presented
in 4. Conclusions and future work are given in Section 5.
2. PROBLEM FORMULATION
Consider an electrical network defined by an undirected
graph G(V, E), where V = {1, . . . , n} denotes the set of
nodes in the network, and E denotes the set of edges,
comprising unordered two element subsets of V. Define
the set of neighbours for each node l ∈ V as Nl :=
{m : {l, m} ∈ E}. Associated with each node l is the
voltage vl (relative to a datum), and externally injected
current il , taken to be positive into the node, to represent
power supplied or consumed. In sinusoidal steady-state,
these voltages and currents can be represented as complex
numbers that satisfy Kirchoff’s current and voltage laws.
The admittance associated with the edge {l, m} ∈ E is
denoted by the complex number ylm = yml .
Suppose that a collection of M (a positive integer) measurements of the node voltage and injected current
(k)
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where H is an n×e matrix of entries from the set {−1, 0, 1},
in accordance with the ordering of the edges chosen above.
Define B (k) = diag(β (k) ) and D̂(k) = diag(dˆ(k) ). By
equating the real and imaginary terms, (4) can be written
as an equation involving only real numbers as follows
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where V1 = H D̂R + BR
and V2 = H D̂I + BI .
Here the subscripts R and I denote the real and imaginary
parts of the corresponding complex number, respectively.
Moreover, introduce a vector s(k) ∈ R2(n+e) and matrix
A(k) ∈ R2(n×e) be defined as
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Define the following selector matrices S1 , S2 ∈ Re×(2n+2e)
and S3 , S4 ∈ Rn×(2n+2e)




S1 = Ie 0e×(2n+e) ,
S2 = 0e Ie 0e×(2n) ,
(7)


S3 = [0n×2e In 0n ] ,
S4 = 0n×(2e+n) In ,
(8)
where Ia is the a×a identity matrix, 0a is a matrix of zeros
in Ra×a and 0a×b a matrix of zeros in Ra×b . Using these
(k)
(k)
then the matrices BR and BI can be written explicitly
in terms of s(k) as follows
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for k ∈ {1, . . . , M } and l ∈ V is given, where
and
denote the measurement errors associated with node the
k-th data point and node l.
Problem 1. Given the electrical network with undirected
graph G(V, E), and erroneous measurements of voltage
and current at each node (1), estimate the admittance
parameter ylm for each edge {l, m} ∈ E.
Combining Ohm’s law with Kirchoff’s current law at each
node yields
X
il =
(vl − vm )ylm , ∀l ∈ V.
(2)
m∈Nl

Using (1), this can be written in terms of the measured
variables and the associated
errors as follows:

X  (k)
(k)
(k)
(k)
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(v̂l − v̂m
) + (ηm
− ηl ) ylm ,
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∀k ∈ {1, . . . , M }.
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Let y = [. . . , ylm , . . . ]> , dˆ(k) = [. . . , (v̂l − v̂m ), . . . ]>
(k)
(k)
and β (k) = [. . . , −(ηl − ηm ), . . . ]> be vectors in Ce×1
with entries ordered according to any chosen ordering the
edges {l, m} ∈ E, where e denotes the cardinality of E.
(k) (k)
(k)
Furthermore, let î(k) = [î1 , î2 , . . . , în ]> and γ (k) =
(k)
(k)
(k) >
[γ1 , γ2 , . . . , γn ] be vectors in Cn×1 . It follows from
(3) that


î(k) − γ (k) = H diag(dˆ(k) ) + diag(β (k) ) y,
(4)

(k)

where 1e is a vector of all ones in Re×1 and A ◦ B denotes
the Hadamard-product of two matrices A, B ∈ Rn×r with
the result a matrix of same dimension with elements given
by (A ◦ B)lm = (A)l,m (B)l,m . For simpler notation define
a mapping ∆ : R2(e+n) → R2n×2e as
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where the dependence on s(k) arises from from the dependence of s(k) on the error matrices defined in (9).
There are potentially many possible choices of yR , yI and
s(k) that satisfy (5), especially in the case where the
number of measurements, M , is greater than one. Even if
there is only one measurement i.e., M = 1, then the system
described by (5) is overdetermined when n > e, i.e., there
are more nodes in the network than edges, which is the
case for trees. If noise vector s(k) is treated as deterministic
unknowns the problem can be formulated as an equality
constrained optimization problem. The penalty considered
here is a weighted sum of squares of error terms s(k) . This
weighting can arise from formulating the log maximum
likelihood function in the case that the noises are all
Gaussian random variables. In that case the weighting
matrix would be the inverse of the covariance matrix of the
jointly gaussian distributed random variables. This leads
to the optimization problem

M
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where W is a weighting matrix in R
that
suitably penalizes the error terms. The nonlinear equality
constraint given by (11b) makes this problem non-convex
and hence there may be many local minima. This type of
problem is often called a structured total least squares
problem; see Huffel and Lemmerling (2002), where a
certain structure of the error matrices ∆(s(k) ), is enforced
by the definition ∆(·).
Remark 2.1. If ∆(·) did not enforce the structure and
was instead allowed to be a full matrix of unknown entries
then (11) would become a standard total least squares
problem which could be solved using singular value decomposition methods. However, the resulting parameters
would not necessarily be consistent with the measurements
whilst adhering to the network structure.
Remark 2.2. If voltages (vl ) could be measured perfectly,
then (11) would reduce to a standard weighted least
(k)
squares problem i.e., ηl
= 0, ∀l ∈ V and all k ∈
{1, . . . , M } and (11) becomes
" #
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In this case the problem is convex and hence a global
solution can be found.
There are many ways to find local solutions of the nonconvex problem (11). Augmented or penalty methods
could be used to move the constraint into the objective
function and make use of efficient gradient like methods. However, it may be difficult to enforce guaranteed
feasibility and the sparsity and structure in the equality
constraints is likely lost by employing these methods. Since
the aim here is to maintain and exploit the structure
then instead the KKT conditions are solved locally using
Newton’s method.
3. SOLVING THE KKT CONDITIONS

(13b)
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where G1 = diag(H > [In 0n ] µ(k) ) and
G2 = diag(H > [0n In ] µ(k) )
The newton update is then formed by linearizing (13)
around the current iterate (yR , yI , s(k) , µ(k) ). This leads
to the following linear set of equations to be solved for
each newton step
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Note that although the system above is written as a series
of sub-equations, each corresponding to a particular constraint k, there is coupling between the equations since the
same δyR and δyI are in each sub-system. Consequently,
the subsystems cannot solved independently. Instead an
augmented system is formed to reflect this coupling and
form an explicit system for all k.
Define the following augmented matrices

To find local solutions of (11) consider the KKT conditions
associated with the problem, as defined below
"
#
 
(k)
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where X1 (y) = H 1e (y)> ◦ Ie . The equations in (13)
are non-linear. Consider a Newton method which iteratively solves linearized versions of (13) to step towards
the solution. The incremental update or Newton step
for s(k) , yR , yI , µ(k) are denoted δs(k) , δyR , δyI , δµ(k) respectively. To formulate the Newton update equations then
the gradients of (13b) and (13c) need to be defined. To
facilitate this introduce a matrix G(k) ∈ R(2n+2e)×2e as

where µ ∈ R
is a vector of the Lagrange multipliers
corresponding to the k − th equality constraint in (11b)
and X(y R , y I ) ∈ R2n×(2n+2e) is given by
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where W̄ ∈ R2M (n+e)×2M (n+e) , X̄ ∈ R2M n×2M (n+e) ,
Ā ∈ R(2M n×2e) and Ḡ ∈ R2M (n+e)×2e . Let
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Then a combined system is written as
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Fig. 1. Plot showing structure of the non-zero entries in
total newton updates given by (15) for 10 measurements on a 10 node path graph (left) and a 28 node
tree network (right).
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Once (15) is solved then at each iteration the variables
s, yR , yI , µ can be updated
s ← s + δs
yR ← yR + δyR
yI ← yI + δyI
µ ← µ + δµ .
The system described in (15) is a (4M n + (2M + 2)e) ×
(4M n + (2M + 2)e) system. However, it is structured (see
Fig. 1). The following section outlines a way to condense
the system (15). Moreover, the structure of this condensed
system is discussed.
3.1 Condensing using Schur Complement
Here, the possibility of formulating a smaller structured
problem that is equal to (15) is explored. To do this
consider the top left block, the weighting matrix W̄ , in
(15). A schur-complement can be efficiently formed for the
system if W̄ is easily invertible . The following assumption
is made to ensure this condition.
Assumption 3.1. W is an invertible diagonal matrix.
This assumption is consistent when the measurement
errors are independent of each other.
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Fig. 2. Plot showing structure for the smaller condensed
block C given by (16a) for 10 measurements on a 10
node path graph (left) and a 28 node tree network
(right).
Define C as the the following, which can be considered the
Schur compliment of the top left block of the matrix in
(15),
  >



0
Ā>
Ḡ
(16a)
−
W̄ −1 Ḡ X̄ >
C = 2e
Ā 02M n
X̄


−Ḡ> W̄ −1 Ḡ Ā> − Ḡ> W̄ −1 X̄ >
.
(16b)
=
X̄ W̄ −1 X̄ >
Ā − X̄ W̄ −1 Ḡ
In practice C would be constructed using the expression
in (16a), while (16b) gives an indication of the structure
of this schur block. The term Ḡ> W̄ −1 Ḡ is a 2e × 2e
block with main diagonal and two minor diagonals. The
term X̄ W̄ −1 X̄ > is banded block diagonal. The term Ā> −
Ḡ> W̄ −1 X̄ > is a 2e × 2M n matrix made up of a two blocks
of sub-matrices, each with e rows. Each block is made up of
e × n blocks concatenated next to each other that have the
structure of the incidence matrix H. Hence, C has a block
arrow structure where the blocks within are also highly
structured, two examples of this structure are shown in
Fig. 2.
Remark 3.1. The retention of structure and sparsity in
the condensed system C is imperative to obtaining a
more efficient scalable algorithm to solve the estimation
problem (11). Fig.3 shows the advantage of this structure
and sparsity compared with random structure or lack of
sparsity. If this condensed system C had become a dense
or unstructured matrix then it is likely that the smaller
system would become slower to solve than the original
system, which can be solved by exploiting the structure
and sparsity.
Using C then from (15) the system can be rewritten as

" # 
>
 >
δyR
−Ā  µ


 − Ḡ W̄ −1 −W̄ s − X̄ > µ
C δyI =  yR
ˆ
X̄
Ā
−I
δµ
yI
(17a)
" #
 δyR



δs = W̄ −1 −W̄ s − X̄ > µ − W̄ −1 Ḡ X̄ > δyI ,
δµ
(17b)
where (17a) is solved first and the solution used to calculate δs as per (17b).
Remark 3.2. Since W̄ is diagonal then the multiplication
W̄ −1 A equates to dividing each element of row m of A
by the mth diagonal entry in W̄ for all rows m. For this

satisfying conservation and Kirchoff’s laws is constructed
and a series of measurements is modeled by adding errors
sampled from set distributions to the nominal conditions.
The admittances are estimated using the Newton method
described in previous section with and without the proposed modification given by (17).
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Fig. 3. Plot showing the computational time for solving
matrices of same size, using Matlabs ‘\’ but with
different structures and sparsity. The structure and
sparsity of C results in much faster solving time.
particular size system it takes at most 2M (n + e) × (2e +
2M n + 1) flops, and in practice it is less due to the known
sparsity in the right hand side. The main computation
burden in the resulting algorithm lies in forming C and also
solving (17a). The former requires 2M (e+n)×(2M n+2e)2
flops if structure is not exploited and the latter O((2M n +
2e)3 ) flops if structure is not exploited. In practice the
actual flop counts for this system will be much lower due
to the block arrow structure of C. This is much smaller,
especially for large M , than the O(((2M + 2)e + 4M n)3 )
flops required if the original system (15) is solved without
exploiting structure.
Remark 3.3. It is stated in Huffel and Lemmerling
(2002) that the Hessian of the Lagrangian can be approximated by setting G(k) = 0(2n+2e)×2e . Although this
appears to work in practice, it is not clear if or when this
approximation guarantees convergence. Moreover, it may
slow down the convergence rate of the Newton method
in terms of number of iterations however, this may be
countered by a simpler structure of the resulting system,
which can be seen from setting Ḡ = 0 in (16b).
Conjecture 1. It is hypothesized that sufficient conditions, such as those in Theorem 2.6 of Deuflhard
(2011)[p.56], for convergence to a stationary point are
satisfied for (15) when using the approximation of Ḡ = 0.
Proving such conditions hold and further comparing the
structure with and without G(k) is the subject of ongoing
work on this problem.
This approximate method is compared with the exact
Newton iteration for a simple particular example in the
subsequent numerical results section.


02e Ā>
Remark 3.4. Note that the matrix
has rank
Ā 02M n
at most 4ne , which for large M is much less than 2M n +
2e which would equate to a full rank C. Therefore it
may be possible to achieve further efficiency gains by
using Woodbury Matrix identity and constructing an even
smaller system to solve. This will be explored in future
work.
4. NUMERICAL RESULTS
Here a path graph example network is considered, i.e.,
node l connects to nodes l − 1 and l + 1 unless it is
first or last node. A set of nominal network conditions

The network is setup to have specified current i1 injected
at node 1, and a fraction of this current, in1 , injected at
the half-way point of network. The remaining nodes have
i1
a current selected on a uniform distribution between − 2n
i1
except the last node where the current is set to
and 2n
ensure conservation of power. A nominal admittance is set
for each node and a voltage v1 for node 1 is set, with
the remaining voltages for the nodes selected to match
the currents and nominal admittances. The measurement
(k) (k)
(k)
(k)
errors, ηlR , ηlI , γlR , γlI , are selected as samples from
independent normal distributions with zero mean and
variances σηlR , σηlI , σγlR , andσγlI respectively. Therefore,
(k)
(k)
(k)
βlmR = ηmR − ηlR is effectively selected from a normal
distribution with zero mean and variance σηlR + σηmR .
The weighting matrix is selected to be

 
> >
>
>
>
σγI
σβI
σγR
W = diag σβR

(18)

where σβR , σβI ∈ Re×1 and σγR , σγI ∈ Rn×1 are given by




(ση1R + ση2R )−1
(ση1I + ση2I )−1
 (ση2R + ση3R )−1 
 (ση2I + ση3I )−1 




σβR = 
 , σβI = 
,
..
..




.
.
σγR

(ση(n−1)R+ σηnR )−1
(ση(n−1)I+ σηnI )−1

>
 −1 −1

>
σγ−1
· · · σγ−1
= σγ1R σγ2R · · · σγ−1
, σγI = σγ−1
.
nR
1I
2I
nI

This particular selection of weighting matrix for the case
where ηl and γl are sampled from independent normal
distribution corresponds the objective of (11) becoming
minimizing the log of the maximum likelihood function,
hence equivalent to maximizing the maximum likelihood
function subject to the constraints (11b).
For these examples the particular values used were σηlR =
0.01|vlR |, σηlI = 0.01|vlI |, σγlR = 0.01|ilR | and σγlR =
0.01|ilR |. The current injected is i1R = n, i1I = −0.25n
and nominal admittance yl,l+1 = z1l , where zlR = 0.1Ll
and zlI = 0.01πLl and Ll is uniformly selected for each
node on the interval (80, 120) for all l ∈ {1, . . . , e}. The
voltage at node 1 was set as v1 = 1000. To solve the linear
systems, in both cases Matlabs ‘\’ command was used. A
stopping criterion of kδk2 < 10−5 is used for all examples.
Where δ is the vector of all δs , δyR , δyI , δµ . Results were
carried out on a Windows laptop with 16GB RAM and
Intel Core i7-4790K CPU @4.00GHz processor.
The top of Fig. 4 demonstrates improvement in runtime
for increasing network size using the condensed system
in (17). However, the bottom of Fig. 4 shows that for a
large number of measurements (M > 400) the original
method (15), is faster in this setup. This may be due to
how Matlab handles memory and how the generic sparse
solvers it uses work on this system. Future work will look
at creating an algorithm that explicitly exploits block
arrow structure of C in (17). For increasing network size,
the approximation for the Newton method is marginally
slower than the exact. This is less conclusive for increasing
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Fig. 4. Plot showing the runtime vs no of measurements
for a fixed Network size n = 100 (top) and runtime
vs no of nodes for fixed no of Measurements M =
50, comparing the different Newton like methods for
solving KKT conditions.
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Fig. 5. Plots showing the error between estimated admittance and actual admittance. Actual error for real
admittance for with 1 measurement vs 1000 measurements (left) and norm of the error vs no of measurements for fixed network size (right).
number of measurements. Fig. 6 shows for this example the
approximation takes a couple more iterations to converge
but this is compensated by a slightly quicker solve time
for each iterate due to a simpler, sparser system. Fig. 5
show how the estimates improve with more measurements
with only marginal improvements after about 400 measurements for this network with 100 nodes.
5. CONCLUSION AND FUTURE WORK
This paper considers the problem of estimating admittances of an electrical network using measurements of node
voltages and injected current, which are subject to measurement error. By treating the error as deterministic unknowns, a structured total least squares optimization problem is formulated. The explicit form for the linear system
of equations arising from Newton’s method applied to the
first order optimality conditions of the problem is derived.
From this the structure of the linear system is revealed. A

Fig. 6. Plot showing the norm of the residual for iterations of Newton algorithm and approximate Newton
method.
schur complement is used to construct a smaller system for
which it is shown, crucially maintains a nice structure. A
numerical comparison is done on a line network. Ongoing
work is focused on proving convergence properties for
this problem, and extending the application to scalable,
potentially distributed, optimization algorithms that could
be used in topology reconstruction. Another idea under exploration is to consider constructing the problem in stages,
first using some empirical techniques on the measurements
with the aim to arrive at a smaller convex problem for
which structure can be exploited to solve large problems
efficiently with convergence guarantees.
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