Online Optimisation Using Zeroth Order Oracles
Iman Shames, Daniel Selvaratnam, Jonathan H. Manton

Abstract—This paper considers the iterative numerical optimisation of time-varying cost functions where no gradient information
is available at each iteration. In this case, the proposed algorithm
estimates a directional derivative by finite differences. The
main contributions are the derivation of error bounds for such
algorithms and proposal of optimal algorithm parameter values,
e.g. step-sizes, for strongly convex cost functions. The algorithm
is applied to a tackle source localisation problem using a sensing
agent where the source actively evades the agent. Numerical
examples are provided to illustrate the theoretical results.
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I. I NTRODUCTION
N optimisation problem that changes at discrete instances
in time can be treated as a sequence of optimisation
problems and has applications in signal processing [1] and
control [2]. Objectives often change in response to new
information. In general, allowing for temporal variations in
the cost function and constraints offers scope for real-time
optimisation in the presence of uncertainty. Assuming that
every cost function and feasible set in this sequence is made
available to the solver, one approach would be to solve each
individual problem completely. This may not be tractable,
depending on the rate at which new functions arrive. It is also
unnecessary if the primary objective is to generate a sequence
of iterates that ‘track’ the time-varying optimal points, or to
ensure that the cost remains within a desired neighbourhood of
the optimal value. Assuming there are bounds on the variation
between consecutive cost functions, information from the current problem can be exploited to optimise its successor. A more
efficient alternative, therefore, is to only solve each problem
partially by limiting the number of iterations per cost function.
Any proposed method has to use the information about fk that
is made available to it by a p-th order oracle, denoted Op , for
a fixed p ∈ {0, 1, 2, . . . }. If p = 0 then the zeroth-order oracle
makes available only the value of the function at the current
iterate xk , i.e. fk (xk ). Similarly, the first (p = 1), second
(p = 2), or higher-order (p ≥ 3) oracle make up to the p-th
derivative of the function at the current iterate xk available to
the method. Thus, methods that implement gradient descent
on a sequence of cost functions require a first-order oracle.
For example, [3] investigates the case of smooth, strongly
convex functions, with bounds on tracking error derived for
unconstrained problems. Error bounds are also presented for
cost functions that vary in continuous time, with the gradient
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descent iterates replaced by a gradient-based control law.
A general framework for time-varying convex optimisation
problems (with time-varying constraints) is proposed in [4],
based on the theory of averaged operators. The authors develop
error bounds on a variant of the Mann-Krasnosel’skii iterations
with time-varying operators. Methods using a second-order
oracle for solving optimisation problems on manifolds with
changing co-ordinate maps are treated in [5].
In this paper, in place of a first-order or a second-order oracle,
a zeroth-order oracle is assumed, which only provides the
optimisation algorithm with the value of the cost function at
the current time. The cost function is thereby treated as a black
box, with a time-varying input-output map. This corresponds
to practical scenarios in which derivatives are either unavailable [6], [7], or the cost of computing them is prohibitive. In
such cases, the cost function directional derivatives can still
be approximated via finite-differences. This method is adopted
for time-invariant problems in [8], which relies on a two-point
estimate of the directional derivative in a randomly chosen
direction. We have built on the techniques from [8] to deal
with time-varying costs.
Literature Review: We start by briefly reviewing time-varying
optimisation problems and then move on to focus on gradientfree (using zeroth order oracles) solutions to time-varying optimisation problems. We do not review time-invariant problems
as it has less relevance to this paper, but refer the reader to
[9] for a comprehensive review of time-invariant gradient-free
optimisation. Time-varying optimisation problems have mainly
been considered by the machine learning community under
the term Online Convex Optimisation (OCO) [10], [11]. OCO
frames the problem as a game, in which the iterates are actions
selected by a player. In response, an adversary selects a cost
function, which determines the cost incurred. In contrast to
the standard optimisation literature, OCO is concerned with
minimising regret, which captures the integrated cost rather
than the instantaneous cost. The use of a zeroth order oracle
in OCO is often termed bandit feedback, because it constitutes
a multi-armed bandit problem [12] with convex losses. Regret
bounds for convex problems under fixed compact constraints
are derived in [13], [14] for iterative methods that rely on
multi-point estimates of the gradient. A two-point version of
this is the focus of [15], and belongs to the class of iterations
considered in [8]. Methods relying on a single-point estimate
of the directional derivative are also developed in [7], [16] and
[12, Section 6.2]. The aforementioned works obtain bounds on
static regret, which compares the observed cost to the cost at
a fixed decision variable. Dynamic regret extends this concept
by comparing the observed cost to the time-varying optimal
cost [10]. Dynamic regret bounds on primal-dual saddle point
iterations in a bandit feedback setting are derived in [6],

under time-varying compact constraints. The recent work [17]
examines the dynamic regret of a proximal online gradient
descent algorithm, for minimising a time-varying convex but
non-differentiable cost. There, the proximal operator is used
in the absence of a gradient. Of greatest relevance to the work
herein are [18], [19], which derive dynamic regret bounds for
two-point bandit feedback methods. In [18] the directional
derivative is estimated by sampling a direction from the unit
sphere, while in [19] the direction is sampled from the coordinate axes.
Contributions: The works mentioned thus far have all assumed
the cost function does not change between evaluations when
forming the two-point estimate, i.e. function evaluations are
carried out simultaneously. In contrast, our work permits the
cost-function to change between the two evaluations, better
respecting the time-varying nature of the problem. We also
offer a different perspective on the analysis by deriving bounds
on the expected instantaneous tracking error, rather than regret.
This is better suited to some problems prevalent in control and
signal processing such as parameter estimation or tracking. An
example of such problems is studied in Section III.
II. Z EROTH - ORDER ORACLE
We will work with a family of continuous functions
F := {fk : Rn → R | k ∈ K},
where K = N ∪ {j + 21 |j ∈ N} = {0, 1/2, 1, 3/2, 2, 5/2, . . . }.
For the ease of notation, we denote k + 12 by k + for all k ∈
N. We are interested in generating solutions to the following
sequence of optimisation problems
min fk (x),

(1)

xk+1 = xk − αk gη,k+ (xk , Uk ),

(2)

x∈Rn

using iterates of the form

where αk is a positive scalar known as the step-size, Uk ∼
N (0, In ), and
gη,k+ (x, u) :=

fk+ (x + ηu) − fk (x)
u.
η

Assumption 2 (Uniform strong convexity). There exists σ ∈
(0, L] such that ∀f ∈ F, ∀x ∈ Rn , ∇2 f (x)  σI.
Under Assumption 2 (strong convexity), each f ∈ F satisfies
the restricted secant inequality [20, Appendix A]
σ
(4)
∀x ∈ Rn , ∇f (x)> (x − x? ) ≥ kx − x? k2 ,
2
which will be exploited in the forthcoming analysis.
Assumption 3 (Bounded change in minimiser). Given F,
there exists V ≥ 0 such that kx?k+1 − x?k+ k≤ V , where
x?k := arg min{fk (x) | x ∈ Rn },

We do not assume that the cost function is the same at both
instances needed for computing (3). Particularly, index k +
emphasises the fact the function might change between being
evaluated at xk and xk + ηUk . Conceptually, this corresponds
to a time index “between” k and k + 1 at which the value
function is calculated at xk + ηUk . Throughout this paper, k·k
is used to denote the Euclidean norm of its argument. Our
analysis will rely on the following assumptions.
Assumption 1 (Lipschitz Gradient). Every f ∈ F is twice
continuously differentiable, and ∃L > 0, ∀f ∈ F, ∀x, y ∈
Rn , k∇f (x) − ∇f (y)k≤ Lkx − yk.

(5)

Remark II.1. As demonstrated in [21, Lemma 4.2], if fk+
and fk+1 are twice continuously differentiable, and strongly
convex with modulus σ, then Assumption 3 holds if there exists
a positive scalar δ1 such that k∇fk+ (x) − ∇fk+1 (x)k≤ δ1
with V = δσ1 .
The following is assumed regarding functions fk and fk+ .
Assumption 4. There exists a positive scalar δ such that
|fk (x) − fk+ (x)|≤ δ, for all x ∈ Rn .
Remark II.2. In certain scenarios one might have access to
the same function value at the two points needed to compute
(3). For example, in the scenario where the goal is to locate
the source of signal corresponding to the minimum of a time
varying signal density function and one has access to two
sensors that can measure the strength of the signal at different
locations at the same time. Such cases are a special case of
the problems we consider here where δ = 0 and gη,k+ (x, u) =
gη,k (x, u).
Let the smoothed cost be defined as fη,k+ (x) := E[fk+ (x +
ηu)] where u ∼ N (0, In ). One obtains


f + (x + ηu)
∇fη,k+ (x) = E k
u
η




fk+ (x + ηu) − fk (x)
=E
u = E gη,k+ (x, u) .
η
(6)
Define the tracking error as
ek := kxk − x?k+ k

(3)

In this update, (3) provides an approximation for the directional derivative of the function and its properties will be
investigated in the following.

∀k ∈ K.

(7)

and the estimation error as
ēk := kxk+1 − x?k+ k,

(8)

which yields:
ē2k = kxk+1 − x?k+ k2 = k(xk − αk gk+ ) − x?k+ k2
>

= [(xk − x?k+ ) − αk gk+ ] [(xk − x?k ) − αk gk+ ]
= e2k − 2αk gk>+ (xk − x?k+ ) + αk2 kgk+ k2 .

(9)

where gk+ := gη,k+ (xk , Uk ). Assumption 3 implies
ek+1 := kxk+1 − x?k+1 k

≤ kxk+1 − x?k+ k+kx?k+ − x?k+1 k
≤ ēk + V,

E[ek+1 | xk ] ≤ E[ēk | xk ] + V.

(10)
(11)


 
Using the fact that ∇fk+ (x) = E ∇fk+ (x)T u u a bounding inequality for the difference in gradients between the
original and the smoothed cost can computed as (Its derivation
is given in (24).):
i
3
ηL h
(n + 3) 2 + δn1/2 . (12)
k∇fη,k+ (x) − ∇fk+ (x)k ≤
2

Equations (4) and (12) then imply
∇fη,k+ (xk )> (xk − x?k+ )

= [∇fη,k+ (xk ) − ∇fk (xk )]> (xk − x?k+ )
+ ∇fk (xk )> (xk − x?k+ )

≥ ∇fk (xk )> (xk − x?k+ )

One can also obtain a bound on E[kgη,k+ (x, u)k2 ].
Note
(fk+ (x + ηu) − fk (x))

− k∇fη,k+ (xk ) − ∇fk (xk )kek

σ
ηL 
≥ e2k −
(n + 3)3/2 + δn1/2 ek . (17)
2
2

2

2
= fk+ (x + ηu) − fk (x) − η∇fk+ (x)> u + η∇fk+ (x)> u
2
 2
2
η
2
≤2
Lkuk +δ + 2η 2 ∇fk+ (x)> u .
2

Therefore,
2

E[kgη,k+ (x, u)k2 ] ≤

η 2
L E[kuk6 ] + 2LδE[kuk4 ]
2
δ
+ 2 2 E[kuk2 ]
η
h
 2i
∇fk+ (x)> u u
+ 2E
.

Recall that gradient magnitude is bounded by tracking error
in unconstrained problems (see Lemma 4):
k∇fk+ (xk )k≤ Lek .

Applying (18) and (17) to (16) yields


E[ē2k | xk ] ≤ e2k − αk σe2k + αk ηL (n + 3)3/2 + δn1/2 ek

+ 2αk2 (n + 4)k∇fk (xk )k2


(ηL)2
2δ 2 n
2
3
2
+ αk
(n + 6) + 2Lδ(n + 4) + 2
2
η

Applying Propositions 6 and 7 (in the appendix):
η2
δ2
E[kgη,k+ (x, u)k ] ≤ L2 (6 + n)3 + 2Lδ(n + 4)2 + 2 2 n
2
η
(13)
+ 2(n + 4)k∇fk+ (x)k2 .
2

The main result is presented below.
Theorem 1. Let F satisfy Assumptions 1 – 4, and consider
the iterations xk+1 = xk − αk gη,k+ (xk , Uk ), where Uk ∼
N (0, In ) and αk > 0. Then for all k ≥ 0,
q
E[ek+1 | xk ] ≤ ek 2L2 (n + 4)αk2 − σαk + 1 + Dk + V,
(14)
where
(

ηL (n + 3)3/2 + δn1/2
p
,
Dk := αk max
2 2L2 (n + 4)αk2 − σαk + 1
s
)
2n
2δ
(ηL)2
(n + 6)3 + 2Lδ(n + 4)2 + 2
.
2
η
(15)
Proof. From (9):
ē2k ≤ e2k −2αk gη,k+ (xk , Uk )> (xk −x?k )+αk2 kgη,k+ (xk , Uk )k2 .

(18)

:=a

E[ē2k

}|k
{
z
2
| xk ] ≤ [2L (n + 4)αk2 − σαk + 1] e2k
:=b

}|k
hz

i{
+ ηLαk (n + 3)3/2 + δn1/2 ek
:=ck

}|
 {
(ηL)
2δ 2 n 2
3
2
(n + 6) + 2Lδ(n + 4) + 2 αk .
+
2
η
(19)
z

2

Applying Jensen’s inequality and Lemma 5 (in the appendix)
to (19) results in
q
√
E[ēk | xk ] ≤ E[ē2k | xk ] ≤ ek ak + Dk
q
≤ ek 2L2 (n + 4)αk2 − σαk + 1 + Dk ,
n
√ o
where Dk := max 2√bkak , ck is given by (15). Finally
applying (11), completes the proof.
Remark II.3. Inequality (14) implies
q
E[ek+1 ] ≤ E[ek ] 2L2 (n + 4)αk2 − σαk + 1 + Dk + V. (20)

Taking conditional expectations,
E[ē2k | xk ] ≤ e2k − 2αk E[gη,k+ (xk , Uk ) | xk ]> (xk − x?k )


+ αk2 E kgη,k+ (xk , Uk )k2 | xk ,
and then applying (6) and (13),
E[ē2k | xk ] ≤ e2k − 2αk ∇fη,k+ (xk )> (xk − x?k+ )
(ηαk L)2
+ 2αk2 (n + 4)k∇fk (xk )k2 +
(n + 6)3
2
δ2
+ 2Lδαk2 (n + 4)2 + 2αk2 2 n.
(16)
η

For the rest of this section, we limit the choice of the stepσ
size to constant step-sizes, i.e., αk = α ∈ (0, 2L2 (n+4)
), ∀k.
σ
Corollary 2. If α ∈ (0, 2L2 (n+4)
) for all k, then

lim sup E[ek ] ≤ ∆,

(21)

k→∞

where
∆=

D+V
,
1−ρ

(22)

p
2L2 (n + 4)α2 − σα + 1, and

:=θ1

}|
{
z


 ηL (n + 3)3/2 + δn1/2 
,
D := α max

2ρ




ρ :=

ᾱ is computed by taking the derivative of ∆ evaluated at η̄
with respect to α and setting it equal to zero.


{



2δ 2 n 

:=θ2

z
s

}|

(ηL)2
(n + 6)3 + 2Lδ(n + 4)2 + 2
.
2
η 





σ
, then 2L2 (n+4)α2 −σα+1 < 1.
Proof. If 0 < α < 2L2 (n+4)
Consequently, (21) follows from (20).

In the following, we shift our focus to study the impact of
different values of η and α on the performance of the algorithm. We choose (22), the tracking error bound as k → ∞, as
a proxy for the performance of the proposed algorithm. One
might expect that setting η to be arbitrarily small improves
the precision of the finite difference (3) and ultimately results
in a smaller (22). After a closer inspection this is revealed to
be false. The value of D tends to infinity as η tends to zero.
Hence, one needs to select both α and η to minimise ∆ as
defined in (22). While the optimisation problem corresponding
to these choices is small, in general, providing a closedform solution for it is not possible. However, under an extra
assumption on δ, such a solution can be computed:
(n + 6)3/2
, then η̄ and ᾱ minimise
Theorem 3. If δ ≤
n1/2 

1/4
2
4δ n
and ᾱ is the root of
∆ where η̄ =
2
L (n + 6)3
σ
2
Aα + Bα + C = 0,in the interval (0, 2L2 (n+4)
) with
2
2 2 2
A := 8(θ̄σ + 4V L (n + 4)) θ̄ L (n + 4), B := −2V (θ̄σ 2 +
2
4V Lq
(n + 4)σ + 8θ̄L2 (n + 4)), C := (V σ + 2θ̄)2 − 4θ̄2 , and
2
2δ 2 n
3
2
θ̄ = (η̄L)
2 (n + 6) + 2Lδ(n + 4) + η̄ 2 .
p
Proof. Note that σ ≤ L < 2L (n + 4), and
ρ2 = 2L2 (n + 4)α2 − σα + 1 ≥
for all α. Now (23) implies 2ρ ≥

√2
2

=

√

1
2

(23)

2. Thus,

ηL (n + 3)3/2 + δn1/2
√
θ1 ≤
.
2
q
By inspection, it can be seen that if η ≤ L2 , then

ηL (n + 3)3/2 + δn1/2
√
≤ θ2 .
2

α+V
Hence, D = αθ2 and ∆ = θ21−ρ
Moreover, η̄ =



1/4
1/4
2
4δ n
4δ 2 n
minimises
θ
and
≤
2
L2 (n + 6)3
L2 (n + 6)3
q
(n + 6)3/2
2
. As the denominator of ∆ is indepenL if δ ≤
n1/2
dent of η, ∆ attains its minimum at η̄. The optimal step-size

Remark II.4 (Convergence and Computational Complexity).
The expected value of the tracking error enters a ball of radius
∆+ centred at the origin in finitely-many steps where  is an
arbitrary positive scalar. The expected value of the tracking
error remains inside this ball thereafter. In other words, ∃K ∈
N such that for all k ≥ K, E[ek ] ≤ ∆ + . Assuming that
(1 − ρ)E[e0 ] − V > 0, it can be observed that1


D + (1 − ρ))
(log ρ)−1 .
K ≤ log
(1 − ρ)E[e0 ] − V
All the terms on the RHS of the above equation are independent of n except for D which is of order O(n) if δ
satisfies the hypothesis of Theorem 3 and η = η̄. Each step
of the proposed method requires two function evaluations,
an n-dimensional Gaussian random variable generation, and
O(n) operations required to compute two scalar multiplication
of two n-dimensional vectors and two n-dimensional vector
summations. Assuming that all the necessary random vectors
are sampled prior to running the algorithm (to amortise the
computation cost) the complexity of entering the aforementioned ball will be of order O(n log n).
III. L OCALISATION OF AN E VADING S OURCE U SING A
M OBILE AGENT AND OTHER N UMERICAL E XAMPLES
This section considers the problem of steering a mobile agent
to the vicinity of a drifting source is considered. The motions
of the agent and the source are assumed to be modelled by
single integrators. Particularly, let xk ∈ Rn and zk ∈ Rn
be the position of the agent and the source at time index k,
respectively. Their motions are governed by xk+1 = xk + ξk ,
zk+1 = zk +ζk , where ξk and ζk are the velocities of the agent
and the evading source and kζk k≤ V . While in principle no
further assumption on ζk is required, to make the scenario
interesting we assume that the source knows xk exactly and
always choose to maximise its distance from the agent by
setting ζk = V (zk −xk )/kzk − xk k. In other words, the source
actively evades the agent with maximum speed. An example
for this scenario is the case where the agent can measure
1
1
fk (xk ) = kxk − zk k2 and fk+ (xk + ηUk ) = kxk + ηUk −
2 2
2
(zk + 0.5ζk )k . These functions satisfy Assumptions 1 – 4
with L = σ = 1, V = 0.1, δ = 1, and ξk = αk gη,k+ (xk , Uk ),
where vξ = 1, and αk = 0.03 with the value 0.03 being
obtained from Theorem 3. We have compared the performance
of the proposed algorithm for three different values for η
with a modified algorithm in which Uk is uniformly drawn
from the surface of a sphere as in [18]. The average tracking
errors after 1000 runs for each scenario where the starting
position of the agents were selected uniformly in a square of
100 × 100 are presented in Fig. 1. In the simulation the choice
of η = 0.35 is equal to η̄ given in Theorem 3. The negative
impact of choosing small η can be observed from the figure.
The spherical sampling strategies seems to result in a larger
1 If

(1 − ρ)E[e0 ] − V < 0, then K = 1.

Average Tracking Error

Average Distance Between the Agent and the Source (Tracking Error)
Gaussian, η = 0.035
Sphere, η = 0.035
Gaussian, η = 0.35
Sphere, η = 0.35
Gaussian, η = 1
Sphere, η = 1
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Fig. 1: The average tracking error for different choices of η and
methodologies for selecting Uk (Gaussian versus uniformly
from the surface of a sphere) after running 1000 random
scenarios.

Fig. 2: Algorithm tracking error for different values of n.
The dashed-dot bounds asymptotically converge to the dotted
values. The algorithms and the bounds are tested for E[e0 ] =
100n.

tracking error and asymptotic bound compared to the Gaussian
sampling strategy. For larger choices of η, the algorithm based
on sampling from a the surface of a sphere seems to fail to
converge to a ball around the source.

optimisation methods, e.g. those that rely on choosing Uk
uniformly from the surface of a sphere, can be derived. To this
aim, computing bounds analogous to (12) and (13) is necessary. The detailed derivation of such bounds and conducting an
analytical comparison of the performance of different optimisation algorithms using different sampling strategies is left as
a future direction. In the context of drifting source localisation,
the problem of incorporating the dynamical constraints of the
agent in the proposed motion strategy is an obvious future
direction.

In the next numerical example, we use a sequence of cost
functions of the form fk (x) = 21 (x − zk )> Qk (x − zk ),
where Qk ∈ Rn×n and zk ∈ Rn are randomly generated
at each iteration k and satisfy σI  Qk = Q>
k  LI, and
kzk+1 − zk k≤ V, for all k with parameter values σ = 1,
L = 2, V = 1, δ = (n + 6)3/2 /n1/2 , η = η̄, and α = ᾱ
as described in Theorem 3. The average performance of the
proposed optimisation method after 100 random runs, the
expected tracking error bound at each iteration, E[ek ] given
by (20), and the asymptotic value of the bound, ∆, given by
(22), for different problem sizes (different values of n) are
depicted in Fig. 2.
IV. C ONCLUSION
A gradient-free optimisation algorithm for solving timevarying problems along with bounds in the expectation of
the tracking error was proposed. Tracking error bounds for
unconstrained strongly convex problems are first derived for
a randomised algorithm that relies on a zeroth-order oracle.
The results are then applied to the problem of localisation of
a drifting source. Extensive numerical studies to illustrate the
results are presented.
The results in this paper can be extended to constrained and
non-smooth time-varying optimisation problems. So far, the
bounds for gradient-free methods hold only in expectation.
Another future direction is to investigate the possibility of
obtaining bounds that hold almost surely. The work of Duchi
et al. [22] on gradient-free stochastic time-invariant optimisation also offers a useful analysis that can be exploited for
time-varying problems. Similar bounds for other gradient-free
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T
E
− ∇fk+ (x) u u
η

Z 
2
1
1
fk+ (x + ηu) − fk (x)
T
√
− ∇fk+ (x) u ue− 2 kuk du
η
n
2π ZR
2
1
1
√
|fk+ (x + ηu) − fk (x) − η∇fk+ (x)T u|kuke− 2 kuk du
η 2π ZRn

2
1
1
√
|fk+ (x + ηu) − fk+ (x) − η∇fk+ (x)T u|+δ kuke− 2 kuk du
η 2π Z Rn
 1 2
Lη
√
kuk3 +δkuk e− 2 kuk du
(Assumption 1)
2 2π
Rn

3
η 
(Proposition 6)
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then for any x? ∈ arg min{f (x) | x ∈ X} and x ∈ X,
|k∇f (x? )k−k∇f (x)k| ≤ Lkx − x? k

Proof. The result follows directly from the reverse triangle
inequality.
Lemma 5. Let x, y, a, c ≥ 0, and b ∈ R. Then
√
x2 ≤ ay 2 + by + c =⇒ x ≤ ay + D,
n
√ o
where D := max 2√b a , c .
√
Proof. The definition of D implies both 2 aD ≥ b and D2 ≥
c. Assuming the LHS of the implication holds,
x2 ≤ ay 2 + by + c
√
≤ ay 2 + 2 aDy + D2
√
= ( ay + D)2 .

Proposition
6 (Lemma 1, [8]). Let Mp
:=
R
p − 12 kuk2
p/2
√1
kuk
e
du.
For
p
∈
[0,
2],
M
≤
n
.
If
p
n
π R
p ≥ 2, then np/2 ≤ Mp ≤ (p + n)p/2 .
Proposition
7 (Thereom
3, [8]). If f is differentiable at x, then
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