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Abstract— This paper analyses the performance of projected
gradient descent on optimisation problems with cost functions
and constraints that vary in discrete time. Specifically, strongly
convex cost functions with Lipschitz gradient, and a sequence
of convex constraints are assumed. Error bounds and sub-
optimality bounds are derived for a variety of cases, which
show convergence to a steady-state. Conditions on the con-
straint sequence are also presented for guaranteeing finite-time
feasibility, and for bounding the distance between successive
minimisers. Numerical examples are then presented to validate
the analytical results.

I. INTRODUCTION

Recent literature on numerical optimisation has explored
problems involving cost functions and possibly constraints
that change discretely with time. These arise whenever the
parameters in a given optimisation problem are determined
by a time-varying environment. Objectives or constraints
may also change in response to updated information, such
as the arrival of new measurements [6]. This behaviour
is therefore relevant to a variety of problems in control,
signal processing and robotics [6], [13], [18], [22]. Such
time-varying problems can be considered a sequence of
optimisation problems. Assuming that every cost function
and feasible set in this sequence is made available to the
solver, one approach would be to solve each individual
problem completely. This may not be tractable, depending on
the rate at which new functions arrive. It is also unnecessary
if the primary objective is to generate a sequence of iterates
that ‘track’ the time-varying optimal points, or to achieve
asymptotically low cost. Assuming there are bounds on the
variation between consecutive cost functions and constraints,
information from the current problem can be exploited to
optimise its successor. A more efficient alternative, therefore,
is to only solve each problem partially by limiting the number
of iterations per cost function. Such approaches have been
termed running methods in [13]. Here, we consider the most
extreme version of this, in which only a single iteration is
performed per cost function. We focus on the performance of
projected gradient descent iterations, applied to a sequence
of smooth, strongly convex cost functions, subject to convex
constraints. Bounds on sub-optimality and distance to the
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minima (henceforth referred to as tracking error) are derived
and verified by means of numerical examples.

We now present a brief review of existing literature on
time-varying optimisation. Gradient descent on a sequence
of smooth, strongly convex functions is investigated in [12],
with bounds on tracking error derived for unconstrained
problems. Error bounds are also presented for cost functions
that vary in continuous time, with the gradient descent
iterates replaced by a control law. A general framework
for time-varying convex optimisation problems (with time-
varying constraints) is proposed in [13], based on the theory
of averaged operators. The authors develop error bounds on
a variant of the Mann-Krasnosel’skii iterations with time-
varying operators. These bounds are then used to prove the
convergence of a variety of running methods, including pro-
jected gradient descent, proximal-point, forward-backward
splitting, dual ascent, dual decomposition, and ADMM.
The tracking error bounds for (projected) gradient descent
in [13] are stated under slightly different assumptions to
[12], which requires the difference between consecutive cost
function gradients to be bounded over the whole of Rn.
The latter is quite restrictive, given that strong convexity
and an unconstrained domain are both assumed. In [13], a
bounded distance between consecutive optimisers is assumed
instead, with the results remaining valid under time-varying
constraints. While this is more general, in practice it can be
difficult to establish a useful bound on the distance between
consecutive optimisers when time-varying constraints are
involved (e.g. [3]). In our work, we derive such bounds under
appropriate restrictions on the change between consecutive
constraints.

Time-varying convex optimisation problems are studied by
the machine learning community in the context of Online
Convex Optimisation (OCO) [5], [23]. These differ from
the aforementioned works in that OCO is concerned with
minimising the integrated cost rather than the asymptotic
cost. Compact constraints are a standard assumption in OCO
literature that is not required in more general formulations.
Algorithmic performance is evaluated in terms of the regret,
defined as the integrated difference between the observed
cost and the cost at the best fixed decision variable. Dynamic
regret is a generalisation which compares the observed cost
with the time-varying optimal cost. OCO results are typically
presented in terms of regret bounds, the goal being to achieve
sub-linear regret. Dynamic regret is more relevant to the
wider literature and to our own work, because sub-linear
dynamic regret implies asymptotically optimal cost. Dynamic
regret bounds for projected gradient descent are derived in



[10] under the assumptions of strongly convex cost functions,
and fixed, compact constraints. Special cases of time-varying
constraints are considered in [11], along with possibly non-
smooth cost functions, however only static regret bounds
are presented. In contrast, our work considers general time-
varying (convex) constraints that need not be compact.

We now mention literature on time-varying optimisation
that considers a different class of iterations to projected gra-
dient descent. In particular, [4], [9], [16] focus on Newton-
type methods, with [9] discussing optimisation problems
on manifolds with changing co-ordinate maps. General-
ized equations are used in [21] to develop an augmented-
Lagrangian method. Several other works have studied time-
varying cost functions in the context of distributed optimisa-
tion over a network. The distributed structure of the solutions
precludes the use of straightforward gradient descent. Of
these, [17], [20] both treat the entire problem in continuous
time, focusing on quadratic costs and deriving control laws
which track the optimum. Others present iterative solutions
using a variety of methods such as consensus-based algo-
rithms in [2], [14], and distributed gradient descent in [19].
Duality is exploited by [6], [15], [22] and [7], which develops
running ADMM.

Our own work extends the projected gradient descent
results in [12] and [13] by exploring the consequences
of time-varying constraints in greater detail. In addition
to bounding the distance between consecutive minimisers,
further conditions are stated which guarantee finite-time
feasibility. We also present sub-optimality bounds, along
with a more detailed analysis of the error than is available in
the above works. The remainder of this paper is structured
as follows. The problem and its basic assumptions are
stated precisely in Section II. General error bounds are
presented in Section III, along with sub-optimality bounds
for unconstrained problems. Section IV specifically tackles
issues relating to constraints. Two numerical examples are
then provided in Section V, which validate the theoretical
bounds, and illustrate the assumptions that were made.

II. PROBLEM FORMULATION

Let N := {1, 2, ...} and N0 := N ∪ {0}.
We consider a family of continuous functions
F := {fk : Rn → R | k ∈ N0}, and a family of closed,
non-empty sets X := {Xk ⊂ Rn | k ∈ N0} capturing
the possible time-varying constraints. We are interested
in generating solutions to the following sequence of
optimisation problems

min
x∈Xk

fk(x), (1)

using iterates of the form

xk+1 = Gk(xk), (2)

where the operator Gk : Rn → Rn is restricted to using
first-order information and knowledge of the feasible set
Xk at the current time step. Note that this formulation
reduces to a standard time-invariant optimisation problem
when F = {f0} and X = {X0}.

In this paper, we restrict attention to families of smooth,
strongly convex functions with Lipschitz gradient, and con-
vex constraints. These are stated explicitly in the assumptions
below.

Assumption 1 (Smoothness): Every f ∈ F is twice
continuously differentiable, and

∃L > 0, ∀f ∈ F , ∀x, y ∈ Rn, ‖∇f(x)−∇f(y)‖ ≤ L‖x−y‖.
Assumption 2 (Uniform strong convexity): There

exists σ ∈ (0, L] such that

∀f ∈ F , ∀x ∈ Rn, ∇2f(x) � σI.
Assumption 3 (Convex constraints): Every X ∈ X is

closed, convex and non-empty.
We employ projected gradient descent to solve this problem.
This pertains to a specific choice of Gk that will be defined
in the next section. Further assumptions will be made as
required.

III. GENERAL ERROR BOUNDS

Let PX : Rn → X ,

PX(y) := arg min
x∈X

‖x− y‖2,

denote the projection operator, where X ⊂ Rn is a closed,
convex set. The Projection Theorem guarantees the existence
and uniqueness of PX(y). Projected gradient descent iterates
evolve according to (2), where

Gk(x) := PXk
(x− αk∇fk(x)) , (3)

and αk > 0 is a sequence of step sizes.
Remark 3.1: Gradient descent on the unconstrained prob-

lem can be recovered by choosing X = {Rn}.
Under Assumption 2, fk is guaranteed to have a unique

global minimiser over Xk, which we define as

x?k := arg min{fk(x) | x ∈ Xk}.

We will consider the evolution of the tracking error ek :=
‖xk − x?k‖, and the distance

ēk := ‖xk+1 − x?k‖,

which we refer to as the estimation error, because xk+1 can
be considered an estimate of x?k using all the information
available up to time k. In [1, Proposition 6.1.8], it is estab-
lished that, under Assumptions 1 – 3, Gk is a contraction
map for αk < 2

L . Specifically,

∀x, y ∈ Rn, ‖Gk(x)−Gk(y)‖ ≤ ρk‖x− y‖, (4)

where
ρk := max{|1− αkL|, |1− αkσ|}. (5)

Given the sequence αk, we will also find it convenient to
define

ρ := sup{ρk | k ∈ N0}.

It is well known that x?k is a fixed point of Gk, and we
present a simple proof of this below.



Lemma 3.1 (Fixed point): Let f : Rn → R be convex
and continuously differentiable. Let X ⊂ Rn be closed,
convex and non-empty. Let α > 0, and define

G(x) := PX(x− α∇f(x)).

Then, G(x?) = x? for any x? ∈ arg min{f(x) | x ∈ X}.
Proof: By definition of x?,

∀x ∈ X, ∇f(x?)>(x− x?) ≥ 0. (6)

Now the Projection Theorem [8, Theorem 1 of Section 3.12]
implies

∀x ∈ X, [x? − α∇f(x?)−G(x?)]
>

[x−G(x?)] ≤ 0.

Substituting x = x? ∈ X into the above yields

‖x? −G(x?)‖2 + α∇f(x?)>[G(x?)− x?] ≤ 0.

Referring to (6), both terms on the LHS are non-negative,
and therefore both must vanish.

Substituting x = xk and y = x?k into (4) then yields the
inequality

ēk ≤ ρkek, (7)

which we use to bound the tracking error evolution. For no-
tational convenience, define

∏N−1
j=N ρj := 1 for any N ∈ N.

Theorem 3.2 (Tracking error dynamics): Let F , X
satisfy Assumptions 1 – 3. Let x0 ∈ Rn, and consider
iterations of the form

xk+1 = PXk
(xk − αk∇fk(xk)) , (8)

where 0 < αk <
2
L for all k. Then

∀k ∈ N, ek+1 ≤ ρkek + ‖x?k+1 − x?k‖. (9)
Proof: Observe that

‖xk+1 − x?k+1‖ = ‖xk+1 − x?k + x?k − x?k+1‖
≤ ‖xk+1 − x?k‖+ ‖x?k − x?k+1‖
≤ ρk‖xk − x?k‖+ ‖x?k − x?k+1‖, (10)

by application of (7).
Corollary 3.3: For all N ∈ N,

eN ≤ e0

N−1∏
j=0

ρj +

N−1∑
k=0

‖x?k+1 − x?k‖
N−1∏
j=k+1

ρj . (11)

Proof: Treating (10) as a dynamical system, we obtain

∀N ∈ N, eN ≤ Φ(N, 0)e0 +

N−1∑
k=0

Φ(N, k+ 1)‖x?k+1 − x?k‖,

with state-transition operator Φ(N, k) :=
∏N−1
j=k ρj .

Remark 3.2: Theorem 3.2 reveals the tracking error is
bounded by a discrete time dynamical system, where the
shift in minimisers behaves as a disturbance input. Corollary
3.3 presents a closed-form expression for this bound.
If the shift in minimizers (i.e., the disturbance input) is
bounded, this leads to a steady-state error bound under
mild restrictions on the step sizes. We make the following
assumption accordingly.

Assumption 4 (Bounded change in minimiser): For
the pair (F ,X ), there exists V ≥ 0 such that

∀k ∈ N0, ‖x?k+1 − x?k‖ ≤ V.
Applying this leads directly to an alternative proof of [13,
Corollary 7.1 (b)].

Corollary 3.4: Let the hypotheses of Theorem 3.2 be
satisfied, along with Assumption 4. If there also exists ε > 0
and ᾱ < 2

L such that ε ≤ αk ≤ ᾱ for all k, then

lim sup
k→∞

ek ≤
V

1− ρ
(12)

lim sup
k→∞

ēk ≤
V ρ

1− ρ
. (13)

Proof: Referring to (5), ρk only attains its maximum
value of 1 over αk ∈ [0, 2

L ] at αk = 0 and αk = 2
L . Thus,

for any ε ∈ (0, 2
L ) and ᾱ ∈ (ε, 2

L ), restricting αk ∈ [ε, ᾱ] for
all k implies

ρ ≤ sup
α∈[ε,ᾱ]

(
max{|1− αL|, |1− ασ|}

)
< 1.

Since ρ and V are upper bounds for ρk and ‖x?k+1 − x?k‖
respectively, we obtain

eN ≤ ρNe0 + V

N−1∑
k=0

ρk

from (11). The result follows by taking limits, and applying
(7).

Remark 3.3: When Assumption 4 is satisfied, it is clear
from (9), (12) and (13) that minimising ρk results in both the
fastest rate of convergence of the bound, and its steady-state
value. Referring to (5), this corresponds to a constant step
size of αk = 2

σ+L , which implies ρ = ρk = L−σ
L+σ for all k.

This yields bounds of V (L+σ)
2σ and V (L−σ)

2σ in (12) and (13)
respectively.

A. Unconstrained sub-optimality bounds

We now turn our attention to the level of sub-optimality.
Specifically, we derive bounds on

φk := fk(xk)− fk(x?k) (14)
φ̄k := fk(xk+1)− fk(x?k), (15)

which are analogous to the tracking and estimation errors. We
refer to φ̄k as the predicted sub-optimality, which is relevant
if the cost of action xk is incurred before the function
changes. Here, we consider bounds for unconstrained prob-
lems. The effect of constraints will be considered in Section
IV-C. The guarantee that ∇fk(x?k) = 0 when Xk = Rn leads
to the inequalities

φk ≤ L
2 e

2
k (16)

φ̄k ≤ L
2 ē

2
k, (17)

which are proved in Lemma A.1 under Assumption 1.
These allow our tracking and estimation error bounds to be
translated directly into sub-optimality bounds. In particular,
they yield the steady-state sub-optimality bounds below.



Corollary 3.5 (Steady-state sub-optimality): Suppose
X = {Rn} and F satisfies Assumptions 1, 2 and 4. Let
x0 ∈ Rn, and consider iterations of the form

xk+1 = xk − α∇fk(xk), (18)

where α = 2
σ+L . Then

lim sup
k→∞

φk ≤
LV 2(L+ σ)2

8σ2
(19)

lim sup
k→∞

φ̄k ≤
LV 2(L− σ)2

8σ2
. (20)

IV. ANALYSIS OF CONSTRAINTS

The previous error bounds apply equally well to con-
strained and unconstrained problems. However, the presence
of constraints does warrant extra consideration. As yet,
projected gradient descent does not guarantee xk ∈ Xk.
Establishing bounds on the shift in optima to satisfy As-
sumption 4 is also more challenging when constraints are
involved. Furthermore, the sub-optimality bounds of Section
III-A no longer apply because the constrained minima need
not be stationary points. In this section, we present sufficient
conditions to address the issues of feasibility, to bound the
shift between minimisers, and to bound sub-optimality in the
presence of time-varying constraints.

A. Finite-time feasibility

While projected gradient descent only guarantees feasibil-
ity with respect to the previous constraints, we can guarantee
eventual feasibility under an additional assumption.

Assumption 5 (Sufficient overlap): The pair (F ,X ) is
such that

∀k ∈ N0, {x ∈ Xk | ‖x− x?k‖ ≤ R} ⊂ Xk+1,

for some R > V ρ
1−ρ .

Proposition 4.1 (Finite-time feasibility): Let Assump-
tions 1 – 5 be satisfied. Let x0 ∈ Rn, and consider iterations
of the form

xk+1 = xk − α∇fk(xk),

where α ∈ (0, 2
L ). Then,

∃N ∈ N0, ∀k > N, xk ∈ Xk.
Proof: For any R > V ρ

1−ρ , (13) implies there exists
N ∈ N0 such that ‖xk+1 − x?k‖ ≤ R for all k ≥ N . Use of
the projection operator PXk

in (8) ensures xk+1 ∈ Xk, and
Assumption 5 then guarantees xk+1 ∈ Xk+1 for all k ≥ N .

B. Bounds on the shift between minimisers

Here, we present alternative conditions that guarantee As-
sumption 4. These conditions impose restrictions on changes
in the cost function gradients and the constraints between
consecutive time steps.

Lemma 4.2: Let X1, X2 ⊂ Rn be closed and convex.
Suppose f1, f2 : Rn → R are twice continuously dif-
ferentiable, and strongly convex with modulus σ > 0.

Furthermore, assume x?1, x
?
2 ∈ X1 ∩ X2, where x?i =

arg min{fi(x) | x ∈ Xi} for i = 1, 2. If

∃δ1 ≥ 0, ∀x ∈ X1 ∩X2, ‖∇f1(x)−∇f2(x)‖ ≤ δ1,

then ‖x?2 − x?1‖ ≤ δ1
σ .

Proof: The result is trivial if x?1 = x?2, so assume v :=
x?2 − x?1 6= 0. Since f1, f2 are convex,

∀i ∈ {1, 2}, ∀x ∈ Xi, ∇fi(x?i )>(x− x?i ) ≥ 0. (21)

Choosing i = 2 and x = x?1 ∈ X2, we obtain

∇f2(x?2)>v ≤ 0. (22)

By the mean value theorem,

∇f2(x?2) = ∇f2(x?1) +∇2f2(x?1 + Tv)v,

for some T = diag(t1, ..., tn), where t1, ..., tn ∈ (0, 1).
Substituting this result into (22),

∇f2(x?1)>v + v>∇2f2(x?1 + Tv)v ≤ 0,

which implies

v>∇2f2(x?1+Tv)v+∇f1(x?1)>v ≤ [∇f1(x?1)−∇f2(x?1)]
>
v.

(23)
Now, choosing i = 1 and x = x?2 ∈ X1, (21) also implies
∇f1(x?1)>v ≥ 0. Thus, by strong convexity,

σ‖v‖2 ≤ v>∇2f2(x?1 + Tv)v

≤ v>∇2f2(x?1 + Tv)v +∇f1(x?1)>v.

Combining this with (23) then yields

σ‖v‖2 ≤ [∇f1(x?1)−∇f2(x?1)]
>
v ≤ δ1‖v‖,

which implies the result.
This result is a direct generalisation of [12, (A.16)] to
the constrained case. We observe that two conditions are
sufficient for bounding the shift in minimisers.

Assumption 6: There exists δ1 ≥ 0 for the pair (F ,X ),
such that

∀k, ∀x ∈ Xk ∩Xk+1, ‖∇fk+1(x)−∇fk(x)‖ ≤ δ1.
Assumption 7: Let (F ,X ) be such that x?k−1, x

?
k+1 ∈

Xk.
Remark 4.1: In practice, it is difficult to guaran-

tee x?k+1 ∈ Xk, however, this follows automatically if
Xk+1 ⊂ Xk.

Proposition 4.3: Let (F , X ) satisfy Assumptions 1 – 3,
6 and 7. Then Assumption 4 is also satisfied with V = δ1

σ .
Proof: Assumption 7 is equivalent to

x?k, x
?
k+1 ∈ Xk ∩Xk+1. The rest follows directly from

Lemma 4.2.



C. Sub-optimality bounds under compact constraints

One way of obtaining sub-optimality bounds in the pres-
ence of constraints is to impose a uniform Lipschitz property
on the fk over Xk. Given strong convexity, this implies the
compactness of every feasible set.

Assumption 8 (Uniform Lipschitz cost): For the pair
(F ,X ), there exists M > 0 such that

∀k ∈ N0, ∀x ∈ Xk, ‖∇fk(x)‖ ≤M.
Lemma A.2 then gives us the inequalities

φk ≤Mek (24)
φ̄k ≤Mēk. (25)

Corollary 4.4 (Steady-state sub-optimality): Let F , X
satisfy Assumptions 1 – 4 and 8. Let x0 ∈ Rn, and consider
iterations of the form

xk+1 = PXk
(xk − α∇fk(xk)) , (26)

where α = 2
σ+L . Then

lim sup
k→∞

φk ≤
MV (L+ σ)

2σ
. (27)

lim sup
k→∞

φ̄k ≤
MV (L− σ)

2σ
. (28)

A different bound on predicted sub-optimality can be
obtained, if we choose step sizes αk ≤ 1

L .
Proposition 4.5: Let F ,X satisfy Assumptions 1 – 3 and

8. Let x0 ∈ Rn, and consider iterations of the form

xk+1 = PXk
(xk − αk∇fk(xk)) ,

where αk ∈ (0, 1
L ] for all k ∈ N0. Then for all k,

φ̄k ≤M
√
M2α2

k + e2
k −M

2αk. (29)
Proof: First note that, since αk ∈ (0, 1

L ], [1, Proposition
6.1.6] implies [1, (6.14)] is satisfied. Thus, all the hypotheses
of [1, Proposition 6.1.7] are satisfied. Applying [1, (6.17)],

ē2
k = ‖x?k − xk+1‖2

≤ ‖x?k − xk‖2 − 2αk(fk(xk+1)− fk(x?k))

= e2
k − 2αkφ̄k.

The inequality (25) then implies

φ̄2
k ≤M2(e2

k − 2αkφ̄k),

which can be rearranged to form

φ̄2
k + 2M2αkφ̄k −M2e2

k ≤ 0.

Taking the non-negative solutions to the above inequality
yields the result.

Corollary 4.6: If Assumption 4 is also satisfied, and
αk = α ∈ (0, 1

L ] for all k, then

lim sup
k→∞

φ̄k ≤M

√
M2α2 +

V 2

(1− ρ)2
−M2α, (30)

where ρ = max{|1− αL|, |1− ασ|}.

Proof: This follows from Corollary 3.4.
Corollary 4.7: In particular, if α = 1

L , then

lim sup
k→∞

φ̄k ≤M
√
M2

L2
+
V 2L2

σ2
− M2

L
. (31)

Remark 4.2: The function
√
x2 + b−x is decreasing in x

and increasing in b for x, b > 0. Furthermore, ρ is decreasing
in α for α ∈ (0, 1

L ]. This implies the bound in (30) is
decreasing in α, and the optimal choice of step size is
therefore α = 1

L .
Remark 4.3: The bounds in (28) and (31) are different

bounds, which hold under different choices of step size. The
minimum of the two depends on the parameters M,σ, δ1, V
and L.

V. NUMERICAL EXPERIMENTS

The theoretical error and sub-optimality bounds of the pre-
vious sections are illustrated here by means of two numerical
examples. In particular, Section V-B presents a non-trivial
example with time-varying constraints that satisfies all the
required assumptions.

A. Unconstrained Example

In this example, we use a sequence of cost functions of
the form

fk(x) = 1
2 (x− sk)>Qk(x− sk),

where Qk ∈ Rn×n and sk ∈ Rn are randomly generated and
satisfy

σI � Qk = Q>k � LI (32)
‖sk+1 − sk‖ ≤ V, (33)

for all k. Results for parameter values n = 3, σ = 5, L =
10, V = 4 are plotted in Figure 1, which compares actual
performance with the bounds dictated by (9), (7), (16) and
(17), for a step size α = 2

σ+L .

B. Constrained Example

Here, we use a sequence of cost functions of the form

fk(x) = 1
2x
>Qx+ q>k x

where σI � Q = Q> � LI , and qk is randomly generated
to satisfy

∀k, ‖qk+1 − q0‖ ≤ δ. (34)

The sequence of constraints is of the form

X0 = {x ∈ Rn | −u ≤ x ≤ u} (35)
∀k ∈ N, Xk = {x ∈ Rn | Akx ≤ bk, −u ≤ x ≤ u}, (36)

where u ∈ Rn defines the initial box constraints,

Ak+1 =

[
Ak
a>k+1

]
, bk+1 =

[
bk

‖ak+1‖2
]
, (37)

and ak+1 ∈ Rn is randomly generated based on the previous
minimiser to satisfy

‖ak+1‖ ≥ ‖x?k‖+R, (38)
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Fig. 1. Unconstrained numerical example (α = 2
σ+L

)

for some R > 2ρδ
σ(1−ρ) .

Claim 5.1: Assumptions 1 – 8 hold.
Proof: Assumptions 1 – 3 are obviously true. Note that

(34) implies Assumption 6 holds with constant δ1 = 2δ. Now
(37) implies x?k+1 ∈ Xk+1 ⊂ Xk, and observe that

Ak+1x
?
k =

[
Akx

?
k

a>k+1x
?
k

]
≤
[

bk
‖ak+1‖‖x?k‖

]
≤
[

bk
‖ak+1‖2

]
= bk+1,

by which x?k ∈ Xk+1. This implies Assumption 7 is satisfied.
By Proposition 4.3, Assumption 4 is then satisfied with
V = δ1

σ . Let y ∈ {x ∈ Xk | ‖x− x?k‖ ≤ R}. Thus

‖y‖ = ‖y − x?k + x?k‖ ≤ R+ ‖x?k‖.
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Fig. 2. Constrained numerical example (α = 1
L

)

Since y ∈ Xk,

Ak+1y =

[
Aky
a>k+1y

]
≤
[

bk
‖ak+1‖(R+ ‖x?k‖)

]
≤
[

bk
‖ak+1‖2

]
= bk+1,

by (38), and thus yk ∈ Xk+1. Noting that R > V ρ
1−ρ , this

establishes Assumption 5. Finally, compactness of the initial
box constraints guarantees

‖∇fk(x)‖ = ‖Qxk + qk‖ ≤ L‖u‖+ ‖q0‖+ δ := M,

thereby satisfying Assumption 8.
Results for parameter values n = 2, σ = 6, L = 8, δ1 =

300, u = 150 · 1 ∈ Rn, R = 33.34 are plotted in figure
2, which compares the actual performance with the bounds



dictated by (9), (7), (24), (25) and (29), for a step size of
α = 1

L . An animation of this can be found at https://
youtu.be/DV7Jb5IQDms.

VI. CONCLUSION

The performance of projected gradient descent on a class
of time-varying optimisation problems is considered in this
paper. Attention is restricted to time-varying strongly convex
functions with Lipschitz gradient, subject to time-varying,
convex constraints. Tracking and estimation errors are de-
fined, along with the analogous sub-optimality and predicted
sub-optimality levels. Bounds on each of these quantities
are derived. Conditions on the sequence of constraints are
also presented that guarantee finite-time feasibility, and a
bounded distance between successive optimisers. This the-
oretical analysis is then illustrated and verified using nu-
merical examples. Future works will consider gradient-free
methods for time-varying optimisation, and extensions to
unconstrained nonlinear problems that relax the convexity
assumptions.
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APPENDIX

A. Technical Lemmata

Lemma A.1: If f : Rn → R is twice continuously
differentiable and satisfies

∃L > 0, ∀x, y ∈ Rn, ‖∇f(x)−∇f(y)‖ ≤ L‖x− y‖,

then for all x, x? ∈ Rn,

f(x)− f(x?) ≤ ‖∇f(x?)‖‖x− x?‖+ 1
2L‖x− x

?‖2.
Proof: Let e := x − x?. Then by Taylor’s theorem,

there exists t ∈ (0, 1) such that

f(x) = f(x?) +∇f(x?)>e+
1

2
e>∇2f(x? + te)e.

The result then follows.
Lemma A.2: Let f : Rn → R be continuously differen-

tiable. Then

∀x, x? ∈ Rn, f(x)− f(x?) ≤M‖x− x?‖,

where M := sup{‖∇f(x)‖ | x ∈ X}.
Proof: By the mean value theorem, there exists t ∈

(0, 1) such that

f(x) = f(x?) +∇f
(
tx+ (1− t)x?

)>
(x− x?).

https://youtu.be/DV7Jb5IQDms
https://youtu.be/DV7Jb5IQDms
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