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Abstract

It is known that a model predictive control law for a linear dynamical system with a linear or quadratic cost function can be
explicitly computed as a piece-wise affine function. However, the number of regions required grows rapidly with the horizon
length, the number of states and constraints limiting the deployment of explicit solutions to relatively small MPC problems,
and motivating approximate solutions requiring less storage for online implementation. Unfortunately, the offline computation
required to generate the approximate solution can be very high using many existing algorithms. In this paper, we propose a
new procedure to generate the approximate solution based on barycentric interpolation whilst retaining a (less conservative)
certification of the controller. This novel certification procedure requires solving a number of small-scale multiparametric linear
programs together with convex optimization problems. During the online implementation of the approximate MPC, only a
small linear program has to be solved to evaluate the control law. The efficacy of the proposed approach is demonstrated
through both simulation and also in application to a canonical cart-pole stabilization problem.

Key words: Model Predictive Control; Receding-Horizon control; Minimax problem; Multiscale Methods; Explicit MPC;
Fast MPC.

1 Introduction

The well known advantage of Model Predictive Control
(MPC) is that it can utilize dynamic system models in
optimizing the cost whilst satisfying inherent constraints
of the system. However, for some situations the com-
plexity of the optimization problem itself precludes the
solution in real time. Therefore, extensive attention has
been paid to sub-optimal solutions of the optimization
problems to reduce the computational costs associated
with MPC [1–3]. Motivated by similar reasons, several
techniques of input parametrization, aimed at reducing
the number of decision variables, have also been consid-
ered [4–6].

One may try to compute the optimal control law ex-
plicitly (Explicit MPC) as a solution of corresponding
multiparametric problem and use it without solving the
MPC problem online [7]. However, this approach is lim-
ited to linearly constrained quadratic problems and is
known to have scalability issues associated with the na-
ture of algorithms for solving these problems [7–9]. Thus,
the ideas of Semi-Explicit [10] or Approximate Explicit
MPC [11] might be utilized to parametrize or approxi-
mate the optimal control law.
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During the offline phase of Approximate Explicit MPC,
a sub-optimal control law is defined over the same region
of state space. As an important requirement, the control
law has to produce sufficient decrease of a Lyapunov
function candidate over the region where it is defined to
guarantee asymptotic stability of the origin. Once this
fact is established, the region is said to have a stability
certificate, otherwise the region should be partitioned
(with further refinement of the control law) until the
stability certificate is obtained.

One of the challenges in this approach is that the certi-
fication procedure becomes computationally intractable
for an arbitrary defined control law. A proposed ap-
proach to deal with this issue is the use of barycentric
coordinates [11]. In such approaches, the control law is
obtained by a special convex combination of a priori -
computed optimal control inputs at finitely many points
and stability certificate is tested by means of convex pro-
gramming.

In the online phase, the partition and the sub-optimal
control law are stored and used to compute the control
input at demand. To evaluate the sub-optimal control
law, first, one solves a point location problem: for a given
system state the region, which contains this state, has
to be found among all stored regions. Then, the control
input is computed based on the sub-optimal control law
defined for this region.
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With these factors in mind, several approaches have been
presented in the literature to approach the problem of
partitioning: triangulation [12], Hausdorff distance op-
timal polytopic partition [13] and orthogonal multires-
olution partition [14]. The aforementioned ways of im-
plementing an approximate MPC solution are subject
to trade-off between computational efforts, memory re-
quirements for storing the partition, and a level of con-
servatism of a certification procedure used.

The main contribution of this paper is a novel way of
computing barycentric coordinates and a corresponding
stability certificate, which greatly reduces the number
of regions in the final partition in comparison to the
state-of-the-art approach. Proposed barycentric coordi-
nates are computed as a solution to a small-scale linear
program, which makes them computationally tractable.
The connection between the certificate and the coordi-
nates reduces the level of conservatism in the certifica-
tion procedure. We also introduce an anisotropic way of
the partitioning, which uses sensitivity of the underlying
optimization problem.

The remainder of this paper is organized as follows. Sec-
tion 2 gives a brief introduction to stability and recursive
feasibility results in Approximate Explicit MPC frame-
work. In Section 3, the first contribution of this paper
is discussed, where a less conservative stability certifica-
tion procedure is proposed together with a barycentric
function corresponding to this certificate. In Section 4, a
method to decrease the total number of regions by per-
forming anisotropic partitioning is introduced. In Sec-
tion 5, we provide numerical comparisons of existing and
proposed approaches and illustrate applicability of the
proposed approach on a two-wheeled balancing robot.
Concluding remarks are presented in Section 6.

2 Problem formulation and theoretical back-
ground

The main problem of interest is presented below.

Problem 1 Reduce the number of regions in Approxi-
mate Explicit MPC formulations by:

(1) Proposing a certification procedure and a barycen-
tric function that result in stability preserving con-
trol laws under less conservative requirements than
existing methods;

(2) Extending an orthogonal partitioning strategy to es-
tablish the certification whilst requiring fewer re-
gions than existing methods.

In this section, the relevant preliminaries leading up to
the approximate MPC problem are introduced, which
allows consideration of alternative certification and par-
titioning strategies.

2.1 Model predictive control

Consider a linear controllable discrete-time system with
state and input matrices A ∈ Rn×n and B ∈ Rn×m:

x(t+ 1) = Ax(t) +Bu(t). (1)

Vectors x(t) ∈ Rn and u(t) ∈ Rm are system state and
input respectively, subject to the following constraints:

x(t) ∈ X , u(t) ∈ U , ∀t ∈ Z+, (2)

whereZ+ is the set of non-negative integers,X ⊆ Rn and
U ⊆ Rm are closed convex polyhedrons whose interior
contains the origin. Define function q(x, u) to be a cost
for being in state x and taking action u:

q(x, u) is convex in x and strictly convex in u,

q(x, u) > 0 everywhere, except q(0, 0) = 0.
(3)

We also introduce a control invariant set Xf ⊆ X for the
system and a strictly convex function p(x): p(0) = 0 and

∀x ∈ Xf , ∃u ∈ U : p(Ax+Bu)− p(x) ≤ −q(x, u). (4)

Consider the task of driving the system to the origin from
the current state x := x(t), while minimizing a cost over
the prediction horizon N and satisfying the constraints:

J?(x) = min
ξ,u

J(ξ,u) =

N−1∑
k=0

q(ξk, uk) + p(ξN )

s.t. ξk+1 = Aξk +Buk, k = 0, . . . , N − 1

ξk ∈ X , uk ∈ U , ξN ∈ Xf , ξ0 = x,
(5)

where u = [u0, . . . , uN−1] and ξ = [ξ0, . . . , ξN ] are vec-
tors of decision variables.

Equality constraints in (5) can be eliminated, so objec-
tive becomes a function of the current state and con-
trol inputs: J(x,u). We denote the minimizer of (5) as
u? = [u?0, . . . , u

?
N−1] and use notation u?(x) to point out

that it is a function of x. The key idea of the MPC frame-
work is to use u(t) = u?0(x(t)) as a feedback control law.

We denote with X0 ⊆ X the set of all admissible states,
i.e., (5) is feasible for all x ∈ X0. If feasibility of (5) for
x(0) implies its further feasibility along the closed-loop
trajectory x(t) for t > 0, then MPC control is called
recursively feasible. Asymptotic stability of the origin of
the system under the recursively feasible MPC control
can be guaranteed by the existence of a strictly decreas-
ing Lyapunov function. If J?(x) satisfies (4), then it is
a suitable Lyapunov function candidate [15].
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2.2 Approximate Explicit MPC

In what follows we present a slightly modified version
of [11, Theorem 14.1], which introduces sufficient condi-
tions for the stability under a feasible sub-optimal con-
trol law ũ0(x), i.e., the law obtained from a sequence of
first elements of feasible solutions ũ(x) of (5).

Theorem 2 Consider a linear system subject to con-
straints, as described by (1) and (2), and the control law
ũ0(x) obtained from a sequence of first elements of feasi-
ble solutions ũ(x) of (5). If ũ(x) for all x ∈ X0 satisfies

J(x, ũ(x)) ≤ J?(x) + γ(x),

where γ(x) < q(x, ũ0(x)) and J?(x) is the optimal cost,
then the origin of the system is asymptotically stable un-
der suboptimal control law ũ0(x) with a domain of attrac-
tion X0.

PROOF. The proof follows the same steps as the proof
of Theorem 14.1 in [11] and terminates at the equation
(14.8). 2

Remark 3 As it will become clear later, multiple conve-
nient choices of γ(x) are possible, e.g., γ(x) = γ0q(x, 0),
where γ0 ∈ (0, 1), or γ(x) = γ0q(x, ũ0(x)) − ε, where
γ0 = (0, 1] and ε > 0.

2.2.1 Barycentric interpolation

It is intractable to use Theorem 2 to provide a stability
certificate for an arbitrary feasible control law. Thus, we
consider a framework of generalized barycentric coordi-
nates 1 and use it to define a feasible control law accom-
panied by a tractable stability and suboptimality certi-
fication procedure. Consider a set of points vi ∈ Rn for
i ∈ I = {1, . . . , d} and denote with V its convex hull:

V :=
{∑
i∈I

αiv
i | αi ≥ 0,

∑
i∈I

αi = 1
}
.

For any point inside V there is a (possibly non-unique)
vector of coordinates, as defined in what follows:

Definition 4 (Barycentric coordinates) Consider
a set of points vi ∈ Rn for i ∈ I = {1, . . . , d}, its con-
vex hull V , and a point x ∈ V . We call Λ(x) the set of
barycentric coordinates for point x:

Λ(x) :=
{
λ ∈ Rd | λi ≥ 0,

∑
i∈I

λi = 1,
∑
i∈I

λiv
i = x

}
.

1 The word “generalized” is omitted for the sake of brevity
in the remainder of the paper.

We call a mapping between the elements of V and its
barycentric coordinates a barycentric function.

Definition 5 (Barycentric function) Consider a set
of points vi ∈ Rn for i ∈ I = {1, . . . , d} and its convex
hull V . A mapping w : Rn → Rd is called a barycen-
tric function if for every x ∈ V its image w(x) is its
barycentric coordinates, i.e., wi(x) ≥ 0,

∑
i∈I wi(x) =

1,
∑
i∈I wi(x)vi = x.

The introduction of these functions enable the way of
defining a sub-optimal control sequence

ũ(x) =
∑
i∈I

wi(x)u?(vi), (6)

where u?(vi) are the optimizers of (5) for vi ∈ X0 and
w(x) is a barycentric function. Since (5) is feasible for all
vi, then the convex hull property is satisfied for ũ(x), i.e.,
the convex combination of points from a convex region is
a point inside the region. Thus, ũ(x) is a feasible control
sequence which leads to state constraints satisfaction
[14]. Moreover, for all x inside V the following holds
(Lemma 14.2 in [11]):

J(x, ũ(x)) ≤
∑
i∈I

wi(x)J?(vi) ≤ max
λ∈Λ(x)

∑
i∈I

λiJ
?(vi).

(7)

Corollary 6 If δV ≥ 0 (or δV ≥ ε > 0 if γ0 = 1), then
ũ(x) satisfies the hypothesis of Theorem 2 where

δV := min
x∈V,λ∈Λ(x)

J?(x) + γ0q(x, 0)−
∑
i∈I

λiJ
?(vi). (8)

This corollary follows from Remark 3, convexity of
q(x, u) and (7), as the following is true for all x ∈ V :

δV ≤ J?(x) + γ0q(x, ũ0(x))− J(x, ũ(x)).

Definition 7 (Worst-case certificate) We call the
stability certificate established by obtaining a positive
δV , the worst-case certificate, as stability is guaranteed
for arbitrary choice of barycentric coordinates [14].

Remark 8 Motivation for the worst-case certificate is
convexity of the optimization problem, defined in (8).
However, the gap between the worst-case certification and
a particular choice of barycentric functions may lead to
conservatism. Consequently, the first goal in Problem 1
can be restated as proposing a certification procedure and
barycentric function that satisfies Theorem 2 with lower
conservatism than the worst-case certificate introduced
in Definition 7.
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3 LP barycentric coordinates and a new stabil-
ity certificate

In this section we introduce a novel way to compute
barycentric coordinates by means of linear programming
along with a stability test, which is less conservative than
the worst-case test.

3.1 LP barycentric coordinates

Consider a set of points vi ∈ Rn for i ∈ I = {1, . . . , d},
its convex hull V and assume that (5) is feasible for all
vi, i.e., there exist a minimizer u?(vi) for the problem
initialized at x = vi. We introduce a barycentric func-
tion λ?(x), which is defined as an optimizer of the linear
program:

λ?(x) = arg min
λ∈Λ(x)

∑
i∈I

λiJ
?(vi). (9)

Using the LP barycentric coordinates introduced above,
the sub-optimal control input û(x) is proposed:

û(x) =
∑
i∈I

λ?i (x)u?(vi). (10)

Note that λ?(x) is evaluated online by solving the corre-
sponding linear program numerically. Luckily, its com-
putational complexity is decoupled from system dynam-
ics, constraints and implementation of partitioning and
certification procedure.

3.2 Minimax stability certificate

The following theorem forms the basis for a new stabil-
ity certificate, which takes advantage of a tight upper
bound on the total cost of the sub-optimal control law
to construct a less conservative test than the one based
on the worst-case certificate:

Theorem 9 Consider a set of points vi ∈ Rn for i ∈
I = {1, . . . , d}, its convex hull V and an approximate
solution, given by (10), of the multiparametric problem,
arising from (5). Define ∆V as follows:

∆V := min
x∈V

max
λ∈Λ(x)

J?(x)+γ0q(x, 0)−
∑
i∈I

λiJ
?(vi). (11)

If ∆V ≥ 0, then the following is true for all x ∈ V :

J(x, û(x)) ≤ J?(x) + γ0q(x, û0(x)).

PROOF. The first two terms on the right hand side of

(11) are not functions of λ, thus:

min
x∈V

max
λ∈Λ(x)

[
J?(x) + γ0q(x, 0)−

∑
i∈I

λiJ
?(vi)

]
=

min
x∈V

[
J?(x) + γ0q(x, 0)− min

λ∈Λ(x)

∑
i∈I

λiJ
?(vi)

]
.

Since the control law is defined as the convex combina-
tion, we use the convexity bound on J(x, û(x)):

J(x, û(x)) ≤ min
λ∈Λ(x)

∑
i∈I

λiJ
?(vi).

Thus, from the convexity of q(x, u):

∆V ≤ J?(x) + γ0q(x, û0(x))− J(x, û(x)).

If ∆V ≥ 0, then û(x) meets conditions outlined in the
hypothesis of Theorem 2. 2

Remark 10 It is worth noting that the inequalities

J(x, û(x)) ≤ min
λ∈Λ(x)

∑
i∈I

λiJ
?(vi) ≤ max

λ∈Λ(x)

∑
i∈I

λiJ
?(vi)

hold with equality only if J(x,u) is a linear function of
its arguments, i.e.,

J
(∑
i∈I

wi(x)vi,
∑
i∈I

wi(x)u?(vi)
)

=
∑
i∈I

wi(x)J
(
vi,u?(vi)

)
.

Remark 11 Since ∆V ≥ δV , there exists circumstances
where ∆V ≥ 0 for λ?i (x), while δV < 0.

3.3 Algorithm for computing ∆V

Consider (9) as a multiparametric linear program:

f(x) = min
λ∈Λ(x)

∑
i∈I

λiJ
?(vi). (12)

Note that f(x) is convex and piece-wise affine in x (see
[8] for details), so computing ∆V using (11) requires
minimization of the difference of two convex functions.
It is not a convex problem. However, it can be split into
convex optimization problems as described below.

Theorem 12 Consider a set of points vi ∈ Rn for i ∈
I = {1, . . . , d}, its convex hull V and assume (5) is fea-
sible for all vi. Consider the minimax problem:

∆V = min
x∈V

max
λ∈Λ(x)

[
J?(x) + γ0q(x, 0)−

∑
i∈I

λiJ
?(vi)

]
.

There exist a partition of V into a finite number of convex
regions Vj, where j = 1, . . . , p, such that the problems

∆Vj = min
x∈Vj

[
J?(x) + γ0q(x, 0)−

∑
i∈I

λ?i (x)J?(vi)],
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are convex and ∆V = min(∆V1
, . . . ,∆Vp

).

PROOF. We can transform the original problem into
an equivalent one, as its first two terms are not functions
of λ:

min
x∈V

max
λ∈Λ(x)

[
J?(x) + γ0q(x, 0)−

∑
i∈I

λiJ
?(vi)

]
=

min
x∈V

[
J?(x) + γ0q(x, 0)− min

λ∈Λ(x)

∑
i∈I

λiJ
?(vi)

]
.

Now consider a multiparametric linear program (12). It
is known that f(x) is a continuous convex piece-wise
affine function of parameter x ∈ V (see [8] for details).
We select regions Vj to be convex regions, where f(x)
is purely affine, such that their union is V , and denote
with fj(x) the affine piece of f(x) over the region Vj .
In this way, the resulting optimization problems

min
x∈Vj

[
J?(x) + γ0q(x, 0)− fj(x)

]
are convex. As the objective function is continuous, it
reaches its minimum value inside one of the regions Vj .
By comparing values ∆Vj

for all j = 1, . . . , p, the value
∆V is found to be the smallest among them. 2

Remark 13 The test based on Theorem 9 is less conser-
vative than the worst-case certificate. However, it incurs
a higher offline computational cost, as it requires solving
a multiparametric linear program together with a number
of convex programs.

3.4 Augmented minimax certificate

So far we used a convex upper bound on J(x, û(x)) over
the whole V . Now lets provide a separate bound for each
of the regions Vj (for information on Vj see the proof of
Theorem 12). As J(x, û(x)) is a sum of convex functions,
linked to each other with the linear dynamics and the
piece-wise affine control law, we can provide a tighter
non-affine upper-bound for each Vj as introduced next.

Definition 14 (Augmented bound) Define Jα(x, û(x))
for some α = 0, . . . , N − 1 as follows:

Jα(x, û(x)) =

α−1∑
k=0

q(ξk(x), ûk(x))+

∑
i∈I

λ?i (x)
[N−1∑
k=α

q(ξk(vi), ûk(vi)) + p(ξN (vi))
]
,

where ξk+1(x) = Aξk(x) +Bûk(x) (with ξ0(x) = x) are
states predicted by the linear dynamics under the control
law, given by û(x).

Now we can try to use Jα(x, û(x)) instead of
∑
i λ

?
i J

?(vi)
in the certification procedure. We call the following re-
sult α-augmented minimax certificate, where we keep
all cost terms up to the α-th explicitly and bound the
remaining terms with a suitable convex combination.

Theorem 15 Consider a set of points vi ∈ Rn for i ∈
I = {1, . . . , d}, its convex hull V and assume (5) is fea-
sible for all vi. Consider also the control law, defined by
(10), and denote by Vj (j = 1, . . . , p) the regions, where
the control law is affine in x. Define ∆α

Vj
as follows:

∆α
Vj

:= min
x∈Vj

[
J?(x)+γ0q(x, û0(x))−Jα(x, û(x))

]
. (13)

If for every j = 1, . . . , p corresponding value ∆α
Vj
≥ 0 for

some α = 0, . . . , N − 1, then ∀x ∈ V the following holds:

J(x, û(x)) ≤ J?(x) + γ0q(x, û0(x)).

PROOF. Consider a region Vj with the affine control
law, defined by (10). As the system is linear, we notice
that J(x, û(x)) is a sum of terms, which are convex in
x. If only a part of the terms is bounded by the convex
combination, then

J(x, û(x)) ≤ Jα(x, û(x)) ≤
∑
i∈I

λ?i J
?(vi).

Thus, if for every j, ∆α
Vj
≥ 0, then the inequality

J(x, û(x)) ≤ J?(x) + γ0q(x, û0(x)) holds ∀x ∈ V . 2

Remark 16 The optimization problem in Theorem 15 is
guaranteed to be convex for α = 0, as J0(x, û(x)) is affine
in x, while the function q(x, û0(x)) remains convex inside
each Vj. Interestingly, in the case of γ0 = 1 resulting
program for 1-augmented test is guaranteed to be convex
too, as the terms with q(x, û0(x)) cancel out:

∆1
Vj

= min
x∈Vj

[
J?(x) + q(x, û0(x))− q(x, û0(x))−

−
∑
i∈I

λ?i (x)
[
J?(vi)− q(vi, û0(vi))

]]
.

Remark 17 The worst-case complexity of the offline
computation required for the proposed minimax and ex-
isting certification processes can be compared. Consider
the scenario where the minimax test can certify an n-
dimensional hyper-rectangle while the worst-case test re-
quires further partitioning of the hyper-rectangle into 2n

smaller hyper-rectangles. Such a scenario is frequently
observed in practice. In this case, the minimax stability
test requires solving a multiparametric problem (12) as
well as a convex problem for each critical region associ-
ated with the multiparametric problem (here there are at
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most n! critical regions). Under the worst-case certifica-
tion process, one would need to solve 2n convex problems
associated with the new partitions. In this example, as-
suming equal complexity of solving the convex problems,
the maximum increase in computational efforts is given
by n!/2n and the number of regions to be stored is reduced
by 2n.

4 An anisotropic partitioning strategy

We propose a partitioning strategy based on the or-
thogonal approach introduced in [14]. However, instead
of partitioning the uncertified hyper-rectangle into 2n

hyper-rectangles, we follow an anisotropic approach and
partition it along one edge at a time as explained below.
Consider a Taylor series of a piece-wise smooth function
J?(x) : Rn → R around x = v, where v is a geometrical
center of the hyper-rectangle, i.e.,

J?(x) ≈ J?(v)+∇J?(v)
T

(x−v)+
1

2
(x− v)

T
H(v)(x−v),

where ∇J?(v) and H(v) are the gradient and Hessian of
J?(v). We also assume the difference between the func-
tion and its first order Taylor approximation is mostly
captured by the Hessian.

Let ej for j = 1, . . . , n be the unit vectors representing
the axes of a Cartesian coordinate system. Let the length
of the j-th edge of a hyper-rectangle V be denoted by lj .
Let the vertices be labeled such that v1 ≤ vi for all i =
2, . . . , 2n and vi = v1+

∑n
j=1 cij lje

j ,where i = 1, . . . , 2n,
cij are elements of matrix C, defined such that the i-
th row of C is the n-bit representation of integer i − 1.
When (5) is solved at the vertices of the hyper-rectangle,
the vectors µi of Lagrange multipliers corresponding to
the initial state constraint (ξ0 = vi) have the following
property by the sensitivity analisys (see [16] for details):

∂J?(x)

∂x

∣∣∣
x=vi

= −µi. (14)

We estimate diagonal elements of the Hessian H(v) by
taking the average of finite difference estimates:

Ĥjj(v) = − 1

2n−1lj

2n∑
i=1

(−1)cij
∂J?(vi)

∂xj
.

For example, in 3-dimensional hyper-rectangle for edges
aligned with e1 it yields:

Ĥ11(v) = − 1

4l1
(−µ5+µ1−µ6+µ2

− µ7 + µ3 − µ8 + µ4)T e1.

v8v6
v4v2

v5 v7
v3v1

e1
e2

e3

Table 1
Number of certified hyper-rectangles for different methods

System size 2 3 4 5 6

Worst-case 16 64 2296 115228 -

Anisotr. Worst-case 12 34 368 2480 9948

Anisotr. Minimax 12 20 88 436 500
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Fig. 1. Number of certified hyper-rectangles versus system
dimension.

The proposed anisotropic partitioning strategy is to se-
lect the axis k with the biggest εk for further partition-
ing, where εk = Ĥkk(v)l2k.

5 Numerical and experimental results

In this section, first, we demonstrate scaling properties
of the approaches. Second, the hardware implementa-
tion of the approximate explicit MPC using minimax
augmented certificates and anisotropic partioning is pre-
sented. We use MPT3 [17] and YALMIP [18] for formu-
lating and solving the problems.

5.1 Scalability of the approach

Here we generate random controllable linear systems,
as in (1), with n = 2, . . . , 6 and one constrained input
u ∈ [−1, 1], such that the euclidean operator norms of
A and B are 1. We select q(x, u) = xTx + 0.02u2, p(x)
and Xf are the LQR value function and LQR control in-
variant set. In Table 1 we compare the worst-case certi-
fication with standard partitioning strategy, the worst-
case and minimax (augmented with α = 1) certification
with anisotropic partitioning strategy for γ0 = 1. Each
method is tested on the same system of given dimen-
sion for a hyper-cube [−1; 1]n. It can be observed from
Fig. 1 that only the proposed methodology displays sub-
exponential growth of size of the partition with respect
to dimensionality of the system. To illustrate the com-
putational efforts for n = 5 the proposed methodology
took about 360 minutes, while anisotropic worst-case
certification took about 155 minutes.
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Fig. 2. Two-wheeled bal-
ancing robot

MCU STM32F745

Inertia sensor MPU6000

Encoders 0.69 deg

Motors torque 1.5 kgf/cm

Head mass 100 g

Base mass 500 g

Height 60 cm

Table 2. Specifications of the
two-wheeled balancing robot

5.2 Hardware implementation

Here we consider implementation of the proposed
methodology on a two-wheeled balancing robot 2 . The
discrete time model for the robot around the unstable
equilibrium with a sampling time of 0.01 s is

x+ =


1 0.01 −0.003 −1e-5

0 0.92 −0.601 −0.003

0 5e-5 1.001 0.01

0 0.01 0.222 1.001

x+


1.2e-4

0.025

−1.5e-5

−0.003

u,

where x is a vector of states: wheel’s angle (rad) and
angular velocity (rad/s), robot’s angle (rad) and angular
velocity (rad/s); u is the duty cycle of the motor driver.

We choose N = 50, q(x, u) = xTx + 0.02u2, p(x) is the
LQR value function and Xf is the LQR control invariant
set. State and input constraints are

−[∞∞ π

6

π

2
]T ≤ x ≤ [∞∞ π

6

π

2
]T , |u| ≤ 70,

an initial hyper-rectangle to be partitioned is chosen as

−[π π
π

6

π

2
]T ≤ x ≤ [π π

π

6

π

2
]T .

The partition is obtained using the augmented minimax
certificate with α = 1, level of suboptimality γ0 = 1,
and the anisotropic partitioning strategy. After merging
all hyper-rectangles with saturated input it yields: 6840
LQR invariant, 14908 minimax certified and 2056 input
saturated hyper-rectangles. The position and angle of
the robot in the experiment 3 (Fig. 3) are measured by
an OptiTrack camera system where the system is sub-
jected to a disturbance at t ≈ 10 s.
In Table 3 we provide statistical properties (mean, stan-
dard deviation and 99% confidence interval) of wall clock

2 Link to the github project: https://git.io/fxX6A
3 The movie of the experiment can be found at
https://youtu.be/233ZM8I6WBM

0 5 10 15 20

0

0.1

0.2

Time, s

P
o
si

ti
o
n

,
m

Experiment
Simulation

0 5 10 15 20
−4
−2

0
2
4
·10−2

Time, s

A
n

gl
e,

ra
d

Experiment
Simulation

Fig. 3. Robot’s position and angle during the experiment
with an event at t ≈ 10 s

Table 3
Statistical properties of the control law

Variable Mean Standard
deviation

Confidence
interval

τtree, µs 9 2 [0 14]

τlp, µs 656 140 [0 975]

|u?(x)− ũ(x)| 0.5 0.9 [0 3.8]

β(x) 0.001 0.004 [0 0.017]

time needed to go through the decision tree τtree, wall
clock time τlp required to solve an instance of the lin-
ear program (9) via the simplex method (further evalu-
ation of (10) takes negligible amount of time), the ab-
solute control error |u?(x) − û(x)|, and level of subop-

timality, β(x) = 1 − J?(x)−J?(x+(û))
q(x,û) . In this example,

the approach based on the worst-case certificate did not
yield an implementable solution: the algorithm was ter-
minated when it reached 1 million hyper-rectangles with
no stability certificate. This highlights the advantage of
the proposed method for practical implementations.

6 Conclusions and Future Work

We propose a new approach to approximate the Explicit
MPC control law in a more efficient manner. The ap-
proach is based on a barycentric interpolation and re-
quires offline solution of a multiparametric linear pro-
gram together with a finite number of convex optimiza-
tion problems to provide a certificate of stability. Dur-
ing the online phase only a solution of a small-scale lin-
ear program is necessary to compute barycentric coor-
dinates. Thus, the evaluation of the control law remains
computationally tractable. In addition, we propose an
anisotropic approach for partitioning of uncertifiable re-
gions, which estimates the second-order information of
the underlying problem. Case studies on low order sys-
tems have demonstrated considerable reduction in the

7



number of partitions in comparison with a state-of-the-
art approach. An example of successful implementation
on a low-powered embedded system is also provided to
further demonstrate the efficacy of the proposed ap-
proach. We consider further exploitation of the piece-
wise affine property of the proposed barycentric inter-
polation as a possible direction for future research.
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