
Lecture Outline

• Line search methods

• Step length conditions

• Convergence of line search methods and their rate

• Newton’s method and its convergence

• Quasi-Newton methods convergence
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You should be able to . . .

• Identify line search, Newton’s, and quasi-Newton methods

• Understand the importance of step length selection and
Wolfe’s conditions

• Observe that these conditions always can be satisfied

• Demonstrate the convergence properties of line search
methods, Newton’s, and quasi-Newton methods
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Iterative Solution to Unconstrained Problem

• Consider the unconstrained optimisation problem:

min
x

f(x)

The goal is to construct a sequence {xk} through an iterative
method that converges to some x? at which the optimality con-
ditions are satisfied:

• First-Order Necessary Condition:

‖∇f(x?)‖ = 0

• Second-Order Necessary Condition:

‖∇f(x?)‖ = 0, ∇2f(x?) ≥ 0

• Second-Order Sufficient Condition:

‖∇f(x?)‖ = 0, ∇2f(x?) > 0
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Line Search Methods

• Consider the unconstrained optimisation problem:

min
x

f(x)

• and line search iteration:

xk+1 = xk + αk pk

• αk: step length (step size)
• pk: search direction

• pk is a descent direction if pTk∇fk < 0. (fk = f(xk)).

• Often,

pk = −B−1k ∇fk
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Line Search Methods

pk = −B−1k ∇fk

• Bk is symmetric and nonsingular (ideally we would like
them to be positive definite).

• In steepest descent (gradient descent) Bk = I.
• In Newton’s method, Bk = ∇2fk.
• In quasi-Newton methods, Bk approximates the Hessian

and is updated with low cost.
• pk as chosen here is a descent direction; note that
pTk∇fk = −∇fTk B

−1
k ∇fk

Main Objectives

How to choose αk and pk to ensure convergence and study
the convergence behaviour of steepest descent, quasi-
Newton, and Newton methods.
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Step Length αk

• At each step k, it is desired to pick αk such that fk+1

becomes as small as possible.

• Ideally, αk = arg min [ϕ(α) = f(xk + αpk), α ≥ 0]

• Solving this problem might be as hard as the original
optimisation problem. (while it can be approximately
solved using a bisection method)

↵

'(↵)

• Next, we discuss the properties that αk needs to have.
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Step Length

• First, αk must result in reduction in f , i.e.

f(xk + αkpk) < f(xk)

.

• But this decrease may not be enough.

Example: Simple Reduction Is Not Enough

min f(x) = x2

xk+1 = xk + αkpk,

x0 = −1, pk = (−1)k,

αk =

(
2− 1

4k+1

)
|xk|

7 / 31



Step Length: The Wolfe Conditions

• Informally, the steps (i) should be small enough to result in
sufficient decrease and (ii) long enough to not get stuck.

• The sufficient decrease is demonstrated by the following:

f(xk + αpk) ≤ f(xk) + c1α∇fTk pk, c1 ∈ (0, 1)

• The decrease in the cost function is proportional to the
step length and the directional derivative ∇fTk pk.

• Also known as the Armijo condition.

• In practice c1 is chosen to be very small.
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Step Length: The Wolfe Conditions

• Let l(α) = f(xk) + c1α∇fTk pk.
• The Armijo condition is simply ϕ(α) ≤ l(α).

↵
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l(↵)

• But as discussed earlier it is not enough; it is always
satisfied for all sufficiently small values of α.
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Step Length: The Wolfe Conditions

• To rule out unacceptably small steps, we have the
curvature condition:

∇f(xk + αpk)
T pk ≥ c2∇fTk pk, c2 ∈ (c1, 1)

• Note ∇f(xk + αpk)
T pk = ϕ′(α). The slope of ϕ at α is

greater than c2 times the initial slope, ϕ′(0).
• c2 = 0.9 for Newton or quasi-Newton methods.

↵
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Step Length: The Wolfe Conditions

• Armijo and the curvature condition give us the Wolfe
conditions:

f(xk + αpk) ≤ f(xk) + c1α∇fTk pk, c1 ∈ (0, 1)

∇f(xk + αpk)
T pk ≥ c2∇fTk pk, c2 ∈ (c1, 1)

• A step length may satisfy the Wolfe conditions without
being particularly close to a minimizer of ϕ.

• We can strengthen this via the strong Wolfe conditions:

f(xk + αpk) ≤ f(xk) + c1α∇fTk pk, c1 ∈ (0, 1)∣∣∇f(xk + αpk)
T pk
∣∣ ≤ c2 ∣∣∇fTk pk∣∣ , c2 ∈ (c1, 1)

• no longer allow the derivative ϕ′(α) to be too positive.
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Step Length: The Wolfe Conditions

Theorem (Satisfiability of the Wolfe conditions):
Suppose that f : Rn → R is continuously differentiable.
Let pk be a descent direction at xk, and assume that f is
bounded below along the ray {xk + αpk|α > 0}. Then if
0 < c1 < c2 < 1, there exist intervals of step lengths satis-
fying the (strong) Wolfe conditions.

l(α) and ϕ(α) intersect at least at one point, e.g. the smallest
α′:

f(xk + α′pk) = f(xk) + c1α
′∇fTk pk.

The Armijo condition holds for all α ≤ α′. From the mean value
theorem, ∃α′′ ∈ (0, α′):

f(xk + α′pk)− f(xk) = α′∇f(xk + α′′pk)
T pk.

Thus ∇f(xk + α′′pk)
T pk = c1∇fTk pk (and from c1 < c2 and

∇fTk pk < 0), the strict inequalities of the conditions hold and
due to continuity and smoothness there is an interval. �12 / 31



Step Length: Other Conditions

• Multiplying the objective function by a constant or making
an affine change of variables does not alter the Wolfe
conditions.

fk + (1− c)α∇fTk pk ≤ f(xk + αpk) ≤ fk + cα∇fTk pk,
c ∈ (0, 0.5)

• There are other conditions as well, like Goldstein
conditions. See Equation (3.11) on page 36 of the book.

• A disadvantage of the Goldstein conditions is they may
exclude the minimisers of ϕ.

• The Goldstein conditions are often used in Newton-type
methods but are not well suited for quasi-Newton methods.
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Step Length: Sufficient Decrease and Backtracking

• Often in practice one can dispense with the curvature
condition via a backtracking approach:

Algorithm: Backtracking Line Search

Choose ᾱ > 0, ρ ∈ (0, 1), c ∈ (0, 1), α← ᾱ
while f(xk + αpk) > f(xk) + cα∇fTk pk do

α← ρα
end while
return αk ← α

• The initial step length ᾱ is chosen to be 1 in Newton and
quasi-Newton methods.

• The contraction factor ρ can be allowed to vary in
[ρmin, ρmax] where 0 < ρmin < ρmax < 1.
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Convergence of Line Search Methods

• First some definitions:
• Let θk be the angle between pk and the steepest descent

direction, −∇fk;

cos θk =
−∇fTk pk
‖∇fk‖‖pk‖

.

• The set {x|f(x) = c} is the level set of f for value c.
Similarly, {x|f(x) ≤ c} is its corresponding sublevel set.

• A function is Lipschitz continuous on an open subset X if
there exists a constant L > 0 (called the Lipschitz constant
of f on X ) such that ‖f(x)− f(x̄)‖ ≤ L‖x− x̄‖, ∀x, x̄ ∈ X .15 / 31



Convergence of Line Search Methods

• The convergence depends on two factors: (1) step length,
and (2) search direction.

• An apparently cryptic result.

Theorem (Zoutendijk’s Result): Consider any line
search iteration where pk is a descent direction and αk sat-
isfies the Wolfe conditions. Suppose that f is bounded below
in Rn and that f is continuously differentiable in an open
set N containing the level set L = {x|f(x) ≤ f(x0)}, where
x0 is the starting point of the iteration. Assume also that
the gradient ∇f is Lipschitz continuous on N . Then∑

k≥0
cos2 θk‖∇fk‖2 <∞, (Zoutendijk condition)

.
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Convergence of Line Search Methods

• Zoutendijk condition implies that cos2 θk‖∇fk‖2 → 0.

• If pk is chosen such that θk < π/2, then ∃δ > 0 such that

cos(θk) ≥ δ > 0, ∀k ≥ 0.

• Thus,

lim
k→∞

‖∇fk‖ = 0.

• As long as the search directions are never too close to
orthogonality with the gradient and the step lengths satisfy
Wolfe or Goldstein conditions, xk converges to a stationary
point of f .

• Note that there is no guarantee that the method converges
to a minimiser, but only that it is attracted by stationary
points.
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Convergence of Line Search Methods

• If pk = −∇fk, i.e. the method of steepest descent,
converges to a stationary point if the step lengths satisfy
Wolfe or Goldstein conditions.

• Consider a Newton-like method:

xk+1 = xk + αkpk, pk = −B−1k ∇fk
• Assume that Bk > 0 with a uniformly bounded condition

number, i.e. ∃M such that

‖Bk‖‖B−1k ‖ ≤M, ∀k.
• Thus,

cos θk ≥ 1/M =⇒ lim
k→∞

‖∇fk‖ = 0.

Newton and quasi-Newton methods are globally convergent
if the matrices Bk have a bounded condition number and
are positive definite and if the step lengths satisfy the Wolfe
or Goldstein conditions.

18 / 31



Rate of Convergence

• Algorithmic strategies that achieve rapid convergence can
sometimes conflict with the requirements of global
convergence, and vice versa.

• The steepest descent method is the quintessential globally
convergent algorithm, but it is quite slow in practice.

• The pure Newton iteration converges rapidly when started
close enough to a solution, but its steps may not even be
descent directions away from the solution.

• The challenge is to design and choose algorithms that
provide the required properties.

• We start by considering the convergence behaviour of the
steepest descent method.
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Convergence Rate of Steepest Descent

• Let f(x) =
1

2
xTQx− bTx+ c.

• ∇f(x) = Qx− b and the minimizer x? is the unique
solution of Qx = b.

• Inverting Q is the challenge.

• Remember αk = arg min[f(xk − α∇fk), α > 0].

• ∇αf(xk − α∇fk) = 0 =⇒ αk = (∇fTk ∇fk)/(∇fTk Q∇fk)
• The steepest descent iterations become

xk+1 = xk −
(
∇fTk ∇fk
∇fTk Q∇fk

)
∇fk

• Given ∇fk = Qxk − b, the iterations are closed-form
expression for xk+1 in terms of xk.
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Convergence Rate of Steepest Descent

• Let ‖x‖2Q = xTQx and from the fact that Qx? = b

1

2
‖x− x?‖2Q = f(x)− f(x?)

‖xk+1−x?‖2Q =

[
1−

(
∇fTk ∇fk

)2(
∇fTk Q∇fk

) (
∇fTk Q−1∇fk

)] ‖xk−x?‖2Q
Theorem (Linear Convergence of the Steepest De-
scent for Quadratic Problems): When the steepest de-
scent method with exact line search is applied to a strongly
convex quadratic function,

‖xk+1 − x?‖2Q ≤
(
λn − λ1
λn + λ1

)2

‖xk − x?‖2Q,

where 0 < λ1 ≤ · · · ≤ λn are the eigenvalues of Q.
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Convergence Rate of Steepest Descent

• As κ(Q) = λn/λ1 increases the convergence degrades.

• The rate of convergence of the steepest descent is
essentially the same on general functions.

Theorem (Convergence of the Steepest Descent):
Suppose that f : Rn → R is twice continuously differ-
entiable, and that the iterates generated by the steepest-
descent method with exact line search converge to a point
x? at which the Hessian matrix ∇2f(x?) > 0. Let r be

any scalar satisfying r ∈
(
λn − λ1
λn + λ1

, 1

)
, where 0 < λ1 ≤

· · · ≤ λn are the eigenvalues of ∇2f(x?). Then for all k
sufficiently large, we have fk+1 − f? ≤ r2(fk − f?).

• The rate of convergence is terrible when κ(∇2f(x?)) is not
small. For example consider κ = 1000, f0 = 1, and f? = 0.
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Convergence Rate of Steepest Descent

Steepest descent method steps.

• As the condition number κ = λn/λ1 increases, the contours
of the quadratic become more elongated, the zigzagging in
may become more pronounced (depends on the initial
point) 23 / 31



Newton’s Method

• The Newton method (Newton-Raphson) is a root finding
algorithm. In optimisation it finds the roots to ∇f(x) = 0.

• The idea is to linearise around each iteration point xk to
find the next value xk+1 = xk + pk, where pk is the Newton
step/update at step k.

pk

pk�1

xk�1 xk

xk+1

0 = ∇f(xk) +∇2f(xk)pk

pk = −∇2f(xk)
−1∇f(xk)
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Newton’s Method: Convergence

• Since the Hessian is not always positive definite, pk may
not always be a descent direction.

• Here a local rate of convergence will be established.
• We will introduce modifications to achieve global

convergence later.

Theorem (Local Convergence of Newton’s
Method): Suppose that f : Rn → R is twice con-
tinuously differentiable and the Hessian ∇2f(x) is
Lipschitz continuous in a neighborhood of a solution x?

at which the sufficient optimality conditions are satisfied.
Consider the Newton’s iterations. Then

1. if the starting point x0 is sufficiently close to x?, the
sequence of iterates converges to x?;

2. the rate of convergence of {xk} is quadratic; and

3. the sequence {‖∇fk‖} converges quadratically to zero.
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Newton’s Method: Convergence

• Newton step and the optimality condition ∇f? = 0

xk + pk − x? = xk − x? −∇2f−1k ∇fk
= ∇2f−1k

[
∇2fk(xk − x?)− (∇fk −∇f?)

]
• From the fundamental theorem of calculus (or Taylor’s):

∇fk −∇f? =

∫ 1

0
∇2f(xk + τ(x? − xk))(xk − x?)dτ.

• Thus (L the Lipschitz constant for ∇2f(x) near x?)

‖
[
∇2fk(xk − x?)− (∇fk −∇f?)

]∥∥
=

∥∥∥∥∫ 1

0

[
∇2fk −∇2f(xk + τ(x? − xk))

]
(xk − x?)dτ

∥∥∥∥
≤
∫ 1

0

∥∥∇2fk −∇2f(xk + τ(x? − xk))
∥∥ ‖xk − x?‖dτ

≤ ‖xk − x?‖2
∫ 1

0
Lτdτ =

1

2
L‖xk − x?‖2
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Newton’s Method: Convergence

• Since the Hessian is nonsingular (and continuous), ∃r > 0
such that ‖∇2f−1k ‖ ≤ 2‖∇2f(x?)−1‖,∀xk with
‖xk − x?‖ ≤ r.
‖xk + pk − x?‖ ≤ L‖∇2f−1k (x?)‖‖xk − x?‖2 = L̃‖xk − x?‖2.

• Choosing x0 such that ‖x0 − x?‖ ≤ min(r, 1/(L̃)) one can
prove convergence with quadratic rate.

• Noting xk+1 − xk = pk and ∇f(xk) +∇2f(xk)pk = 0 to
prove that the gradient norms converge to zero:

‖∇fk+1‖ = ‖∇fk −∇2fkpk‖

=

∥∥∥∥∫ 1

0

[
∇2f(xk + τpk)−∇2f(xk)

]
pkdτ

∥∥∥∥
≤
∫ 1

0

∥∥∇2f(xk + τpk)−∇2f(xk)
∥∥ ‖pk‖dτ ≤ 1

2
L‖pk‖2

≤ 1

2
L‖∇2f−1k ‖

2‖∇fk‖2 ≤ L‖∇2f(x?)−1‖2‖∇fk‖2
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Quasi-Newton Methods: Convergence

Theorem (Convergence of Quasi-Newton Meth-
ods): Suppose that f : Rn → R is twice continuously dif-
ferentiable. Consider the iteration xk+1 = xk + pk (that is,
the step length αk is uniformly 1) and that pk = −B−1k ∇fk
where the symmetric and positive definite matrix Bk is up-
dated at every iteration. Let us assume also that {xk} con-
verges to a point x? such that ∇f(x?) = 0 and ∇2f(x?) >
0. Then {xk} converges superlinearly if and only if

lim
k→∞

‖(Bk −∇2f(x?))pk‖
‖pk‖

= 0.

• Quasi-Newton methods normally satisfy the condition and
are therefore superlinearly convergent.
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Newton’s Method With Hessian Modification

• In Newton’s method, as stated earlier, away from the
solution pk may not be a descent direction.

• To get around this problem instead of finding pk form
solving ∇2fkpk = −∇fk, it is found by solving
(∇2fk + Ek)pk = −∇fk, where Ek is either a positive
diagonal matrix or a full matrix.

Algorithm: Line Search Newton with Modification

Initialise x0;
for k = 0, 1, 2, . . . do

Bk ← ∇2fk + Ek . Ek is chosen to ensure Bk is
sufficiently positive definite;

Solve Bkpk = −∇fk
xk+1 ← xk + αkpk . αk satisfies the Wolfe, Goldstein, or

Armijo backtracking conditions;
end for
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Newton’s Method With Hessian Modification

Definition (Bounded Modified Factorization Prop-
erty): The matrices in the sequence {Bk} have bounded
condition number whenever the sequence of Hessians
{∇2fk} is bounded; that is,

κ(Bk) = ‖Bk‖‖B−1k ‖ ≤ C, C > 0, ∀k ≥ 0.

Theorem (Global Convergence of Newton’s
Method With Hessian Modification): Let f be
twice continuously differentiable on an open set N , and
assume that the starting point x0 of the Algorithm is
such that the sublevel set L = {x ∈ N|f(x) ≤ f(x0)}
is compact. Then if the bounded modified factorization
property holds, we have that limk→∞ ‖∇f(xk)‖ = 0.
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Newton’s Method With Hessian Modification

• One cannot make any statement regarding the convergence
rate of these methods; can be linear, superlinear, and
quadratic.

• Possible ways of modifying

1. Eigenvalue Modification
2. Adding a multiple of Identity
3. Modified Cholesky Factorisation
4. Modified Symmetric Indefinite Facotrisation
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