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Abstract— This paper addresses a surveillance problem in
which the goal is to achieve a circular motion around a
stationary target by a non-holonomic agent. The agent only
knows its own position with respect to its initial frame, and
the bearing angle of the target in that frame. It is assumed
that the position of the target is unknown. An estimator and
a controller are proposed to estimate the position of the target
and make the agent move on a circular trajectory with a desired
radius around it. It is shown that the proposed estimator and
the controller are exponentially stable. The performance of the
proposed algorithm is verified both through simulations and
experiments. Robustness is also established in the face of noise
and target motion.

I. INTRODUCTION
One of the primary applications of unmanned aerial vehicles (UAVs) is in surveillance missions where the UAVs
want to monitor and assess an unknown target. A typical
way for assessing a target and gathering information about it
is to circle around it at a prescribed distance. This problem
has recently been studied in the literature, for instance see
[1]–[9]. Different control algorithms have been proposed for
circumnavigating a target by a single or a group of agents
under a variety of assumptions and scenarios. In order to
simplify the design of the control law, most of the previous
approaches used a single-integrator holonomic point agent
model. In this paper, however, we use the non-holonomic
system dynamics that is a more realistic model of a mobile
robot than the earlier models considered in the literature.
Additionally, we consider that the forward speed of the agent
is constant. This assumption along with the non-holonomic
dynamics of the agent results in a more accurate model for
the motion of many UAVs. Again, many of the current results
assume that the position of the target is known and try to
find a control algorithm for a single or a group of agents to
perform the circumnavigation task. If however the position
of the target is initially unknown (as in the case considered
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in this paper), then the agent(s) needs an estimator to localize
the target as well as a controller to be able to circumnavigate
the target. In this paper we only use the bearing angle of
the target and the position of the agent with respect to its
initial frame to estimate the target position and control the
agent. The advantage of using bearing measurement instead
of distance measurement (and also relative position) is that
bearing measurement techniques are usually passive methods, but distance measurement techniques are usually active
methods. Further, fewer sensors are required to measure only
bearing angles rather than both distance and bearing.
In this paper, we propose an estimator and a controller
to make a non-holonomic robot move toward and then on a
circular trajectory around a target with only the knowledge
of its own position and the bearing angle of the target (in
its own initial coordinate frame). The estimator we use here
is similar to the one in [2], however the stability proof is
different because the control law we use here is different. The
control law is also a modification of the controller in [7]. The
main contributions of this paper are as follows. First, in [7],
the non-holonomic robot needs to know the relative position
of the target (both distance and bearing), but in this paper,
the agent only needs to know the bearing angle. Second,
it is shown in [7] that the closed loop system is globally
asymptotically stable, while, we show here that the closed
loop system is exponentially stable, which ensures the system
performance will be robust against small perturbations due
to disturbances or measurement noises. Third, experimental
verification of the proposed algorithm is provided using a
four-wheeled robot named Wifibot.
The rest of this paper is structured as follows. In section
II the localization and circumnavigation problem is formally
stated. The proposed algorithm is provided in section III.
Section IV and V contain simulation and experimental
results, respectively. Conclusions and future directions are
presented in section VI.
II. PROBLEM STATEMENT
Consider a non-holonomic agent, moving with a constant
forward speed, which knows its own trajectory pA (s) =
[xa (s), ya (s)]> ∈ R2 for s ≤ t at time t and also the bearing
angle of the target Γ(s) ∈ [0, 2π) for s ≤ t, and suppose
there is a target with unknown position pT = [xt , yt ]> ∈
R2 . The coordinate frame corresponds to that of the initial
position of the agent. Let p̂T (t) = [x̂t (t), ŷt (t)]> ∈ R2
be the estimated position of the target at time t, ρd be the
desired radius of the circle around the target, ρ(t) be the
distance between the agent and the target, θ(t) ∈ [0, 2π) be

the heading angle of the agent, ϕ(t) be a unit vector on the
line passing through the agent and the target, that is
p − pA (t)
p − pA (t)
ϕ(t) = T
= T
(1)
kpT − pA (t)k
ρ(t)
and ϕ̄(t) ∈ R2 be the unit vector perpendicular to ϕ(t)
obtained by π/2 clockwise rotation of ϕ(t). The case s = t
is depicted in Fig. 1. The symbols γ(t), γu (t) and U in the
figure are explained below.
Knowing ρd , the agent position pA (s) and the unit vector
ϕ(s) that shows the bearing angle of the target for s ≤ t,
our goal is to find an estimator that estimates the position
of the target using measurements up to time t, and a control
law that makes the non-holonomic agent move on a circular
trajectory with radius ρd centered at the point pT such that
the estimation error
p̃T (t) = p̂T (t) − pT

(2)

goes to zero exponentially fast, and also ρ(t) goes to ρd
exponentially fast.

This model also describes the model of a fixed-wing UAV
flying at a constant altitude. Let γ(t) ∈ [0, 2π) be the angular
difference between the heading of the agent and the target at
time t as shown in Fig. 1. Then for ρ(t) 6= 0 the kinematic
model of the non-holonomic agent in (3) can be written, after
straightforward calculations, as
ρ̇(t) = −v cos γ(t)
v
sin γ(t) − ω(t)
γ̇(t) =
ρ(t)

(4)

III. PROPOSED ALGORITHM
The aim of this section is to propose an estimator that
estimates the position of the target, and a controller that
forces the agent to move toward and then on a desired
circular trajectory around the target. In this section, we first
introduce the estimator and the controller and then prove that
they are stable, i.e., both estimation and tracking errors go to
zero exponentially fast. It is usually desirable, if not essential,
to apply estimators and controllers that do not use explicit
derivatives of measurements since differentiation amplifies
high-frequency noise. An advantage of the proposed algorithm is that it avoids such differentiations. The estimator we
use here has previously been proposed in [2], but the stability
proof is different due to the difference in the control law we
use in this paper. The estimator can be defined as



p̂˙ T (t) = kest I − ϕ(t)ϕ> (t) pA (t) − p̂T (t)
(5)
where kest ∈ R is a positive constant, I ∈ R2×2 is the
identity matrix and ϕ(t)ϕ> (t) is a projection matrix onto
the vector ϕ(t). It should be noted that the measurement of
the bearing angle to the target when ρ(t) = 0 is not well
defined. Moreover, ϕ(t) is not defined for this case as well.
Hence, it is desirable that ρ(t) 6= 0 for all t > 0. It is shown
in Appendix A that ρ(t) ∀t > 0 will never reach zero in a
finite time if ρ(0) 6= 0.

Fig. 1. The agent (triangle), the target (cross) and the estimated position
of the target (circle) at time t

In this paper we assume that the target is stationary and
prove that both estimator and controller are exponentially
stable. Similarly to Section III.B of [2], it can be shown that
if the target experiences slow and possibly persistent movement, the estimation and control error go to a neighborhood
of zero. The size of this neighborhood depends on the target
speed. In this paper we do not go to the details of this case
and will only provide some simulations in Section IV.
Now we describe the kinematic model of a non-holonomic
mobile robot. Consider the planar unicycle model [10]
ẋa (t) = v cos θ(t)
ẏa (t) = v sin θ(t)

(3)

θ̇(t) = ω(t)
where ω(t) ∈ R is the agent’s angular speed,1 and v ∈
R is its forward speed which is assumed to be constant.
1 For practical references, there is an upper bound on ω(t) which should
be respected.

Considering (1), (2) and (5), the estimation error dynamics
can be written as



p̃˙ T (t) = kest I − ϕ(t)ϕ> (t) − ϕ(t)ρ(t) − p̃T (t)


(6)
ϕ> ϕ=1
− kest I − ϕ(t)ϕ> (t) p̃T (t).
=
It can be easily shown (see Lemma 2 in [2]) that (6) can be
written as


p̃˙ T (t) = −kest ϕ̄(t)ϕ̄> (t) p̃T (t).
(7)
Now, we will explain the control law that makes the agent
move around the target. The control law we propose here is
a modified version of the controller in [7]. The first reason
for the modification of the controller is that the control law
in [7] makes the agent move on a straight line toward the
target and when it reaches the target (or gets very close
to the target) the agent goes toward the circular trajectory
around the target. In an extreme case, this may result is a
collision between the agent and the target. More generally,
in certain surveillance applications, we may not want the

agent to get close to the target. The second reason is that
the estimator works better using the modified control law:
if one were to use the control law in [7], then the agent
would initially move on a straight line toward the target and
therefore the bearing angle of the target would not change.
Hence, the estimator almost surely does not converge to
the target position while the agent moves on the straight
line toward the target (for reasons that will be made clear
later in this paper). Therefore, the estimator would not work
effectively until the agent has almost reached the target, and
has initiated its circular motion.
We assume that the forward speed of the agent is constant,
and the angular speed of rotation is controlled by2

−α + k g(t) αd (t) if ρ̂(t) > 0
ω(t) =
(8)
−α
if ρ̂(t) = 0
where



(c − 1) ρ̂(t) + ρ0
c ρ0

g(t) = ln

γ(t)
αd (t) =
γ(t) − 2π



if 0 ≤ γ(t) ≤ ψ
if ψ < γ(t) < 2π

(9)
(10)

and α > 0, k > 0, c > 1 and ρ0 > 0 are constant scalars
and ψ ∈ ( 23 π, 2π) is a given constant. Some discussion
occurs later on the choice of these quantities. The threshold
ψ is introduced so that when ρ̂(t) is large and when γ(t)
is less than but close to 2π, the agent goes directly to
the desired circle around the target avoiding extra circular
motion. But without defining ψ, the agent initially turns
counter-clockwise (because αd (t) is initially negative and
therefore ω(t) is also negative) and then moves toward the
desired circle around the target.
When ρ̂(t) >> ρ0 , if γ(t) < ψ then the agent moves
counterclockwise. Conversely, if γ(t) > ψ, the agent turns
clockwise.
In order to prove the stability of the controller we first
establish the stability of the estimator. That is, we show that
the estimated position of the target goes to its actual value
as t → ∞ exponentially fast.
Lemma 1: Under the estimator (5) and the control law
(8) the estimation error p̃T (t) described by (2) goes to zero
exponentially fast.
In order to prove Lemma 1, we recall the following
result [11].
Proposition 1: Let V (·) : R+ → Rn×r be regulated. Then
ẋ = −V V > x

(11)

is exponentially asymptotically stable iff for some positive
α1 , α2 , T and for all t0 ∈ R+
Z t0 +T
α1 I ≤
V (t)V > (t)dt ≤ α2 I
(12)
t0
2 We

will establish in Appendix A that ρ(t) never goes to zero for t > 0
in a finite time if ρ(0) 6= 0. However, we do not prove a corresponding
condition for ρ̂(t).

The condition (12) is called a persistence of excitation
condition and V (·) is said to be persistently exciting (p.e.) if
it satisfies (12). Another interpretation of the p.e. condition
(12) in scalar form is that there exist positive 1 , 2 and T
such that
Z t0 +T
2
U > V (t) dt ≤ 2 ∀t0 ∈ R+
(13)
1 ≤
t0

where U ∈ Rn can be any constant unit vector [12].
Proof of Lemma 1: Considering (7) and Proposition 1,
the signal p̃T (t) exponentially goes to zero if and only if
ϕ̄(t) is persistently exciting. The condition on ϕ̄(t) to be
p.e. is that there exist some positive 1 , 2 , and T , such that
Z t0 +T
2
(14)
U > ϕ̄(t) dt ≤ 2
1 ≤
t0

is satisfied for all constant unit length U ∈ R2 and all t0 ∈
R+ . Assume γu (t) is the angle from the unit vector U to
the unit vector ϕ̄(t) (as shown in Fig. 1 for a sample U ).
Therefore (14) can be written as
Z t0 +T
1 ≤
cos2 γu (t)dt ≤ 2
(15)
t0
2

Since cos (·) ≤ 1, the integral in (15) is always bounded
from above and an upper bound for (15) is 2 = T . On the
other hand, cos2 (·) ≥ 0 ∀t ≥ 0 and therefore 1 ≥ 0. If we
could find some costant scalar δ1 > 0 such that for some
positive T 0 , γ̇u (t) > δ1 ∀t0 < t < t0 + T 0 then the proof
¯ is persistently exciting. Since ϕ(t) is
is complete and ϕ(t)
perpendicular to ϕ̄(t) and the unit vector U is a constant
vector, we have
γ̇u (t) = Γ̇(t)
(16)
Then by considering the second equation of (4) and noting
that Γ(t) = γ(t) + θ(t) mod (2π) (See Fig. 1) we have
v
sin γ(t)
(17)
γ̇u (t) =
ρ(t)
The only cases where γ̇u (t) → 0 are when ρ(t) → ∞ or
when γ(t) → 0. Since ρ(t) is bounded (see Appendix B
for the proof) we only need to show that there exist some
constant scalars δ2 and δ3 such that all trajectories starting in
a sufficiently small neighborhood of γ(t) = 0, i.e |αd (t)| <
δ2 , will ultimately leave this neighborhood in a finite-time
t0 , and γ̇(t + t0 ) > δ3 > 0. Then by choosing some T which
is sufficiently larger than t0 , the proof is complete.
Consider (4) and (8)-(10) and let γ(t) < δ2 . If ρ̂(t) = 0
v
then γ̇(t) = ρ(t)
sin γ(t) + α which is always positive and
greater than α. If ρ̂(t) > 0, then


(c − 1) ρ̂(t) + ρ0
v
γ̇(t) =
sin γ(t) + α − k αd (t) ln
ρ(t)
c ρ0
(18)
Since the first two terms on the right hand side of the above
equation are positive and ρ̂(t) is bounded (see Appendix B

for the proof), we can always find a sufficiently small δ2
such that γ̇(t) > δ3 > 0.
Now assume that γ(t) > 2π − δ2 . We can similarly show
that there exists a sufficiently small δ2 such that the first and
the third terms on the right hand side of (18) are smaller
than α such that γ̇(t) > δ3 > 0.

Having established that the estimation process proceeds
satisfactorily, we should prove that the controller also works
properly and ρ(t) goes to ρd as t → ∞ exponentially
fast. Since the estimation error exponentially goes to
zero, it is reasonable to assume that there exists a time
τ that for all time t ≥ τ , p̂T (t) ≈ pT . So for the
rest of this section we assume that ρ(t) = ρ̂(t). The next
step is to prove the stability of the closed loop system in (4).
Let
D =R++ × (0, 2π)
 3 i
D̄ =R++ × 0, π
2
D̂ =D\D̄

(19)

B ={ρ(0), γ(0) : γ = 0, 0 < ρ < ∞}∪
{ρ(0), γ(0) : ρ = 0}
where R++ denotes the set of strictly positive real numbers.
In order to prove the stability of (4), (8)-(10), we first
show that any trajectory starting outside D̄ will end up in D̄
in a bounded time which depends on γ(0) and ρ(0). Then
we will show that any trajectory starting in D̄ converges to
ρ = ρd and γ = π/2 exponentially fast.

rotation of the vehicle around the target. If and only if γ = π2
or γ = 3π
mod (2π) , then ρ̇ = 0. We want the system
2
to have only one equilibrium at γ = π2 . So we should set
v, k, c and ρ such that
v
π
− k g(ρd ; c, ρ0 ). + α = 0
(21)
ρ
2
and

Considering (4) and Lemma 2, we need to show that the
following system is exponentially stable



ρ̇(t)
= f ρ(t), γ(t)
γ̇(t)


(20)
−v cos γ(t)
= v
.
ρ sin γ(t) − k g(t) γ(t) + α
To this end, we should first show that (20) has a unique
equilibrium point corresponding to the counterclockwise

(22)

where g(ρd ; c, ρ0 ) is the function defined in (9) in which
ρ(t) = ρd . Let v, k, c and ρ0 be chosen such that
 3π
v
>α
(23)
min
k g(ρ; c, ρ0 ) +
ρ
2
ρ
then it is easy to show that the only equilibrium of (20) is
γe = π/2 and ρ = ρd where ρd is the only solution of (21).
So, a proper choice of v, k, c and ρ0 that satisfies (23)
guaranties that γ̇ < 0 for γ = 3π/2.
Lemma 3: The equilibrium point (ρd , γe = π2 ) is an
exponentially stable equilibrium for the system (20) and all
trajectories starting in a compact and positively invariant
set that contains the equilibrium point will end up in that
equilibrium.
Proof: The linearized equation of (20) around its
equilibrium (ρd , π2 ) is




ρ̇(t)
ρ(t)
=A
(24)
γ̇(t)
γ(t)
where
"
A=

Lemma 2: Let D̂, D̄ and B be given by (19). For any
trajectory of (4) with initial condition
 in D̂ or B, there exists
a finite time t̂ such that ρ(t̂), γ(t̂) ∈ D̄.
Proof: It was shown in the proof of Lemma 1 that
γ(t) will not remain zero because if for some 0 < t1 < ∞,
γ(t1 ) = 0 then γ̇(t1 ) = α. Consider now an initial condition
in ρ(0) = 0, γ(0) . Since the agent has a constant forward
speed, it does not stay on ρ = 0. It is also shown in Appendix
A that ρ(t) will not go to zero in a finite time if ρ(0) 6= 0.
So all trajectories in B will not remain in B.
Similarly to the proof of Lemma 1 in [7], it can be shown
that there exists a finite time t̂ (which is a function of γ(0)
and ρ(0)) such that ρ(t̂), γ(t̂) ∈ D̄.

v
3π
− − k g(ρd ; c, ρ0 ).
+ α 6= 0
ρ
2

0
− ρv2 −
d

kπ(c−1)
2 (c−1)ρd +ρ0



v
−kg(ρd ; c, ρ0 )

#
(25)

and the eigenvalues of A are
−kg(ρd ; c, ρ0 )
s 2
1
v
kπ(c − 1)
)
±
−k 2 g 2 (ρd ; c, ρ0 ) − 4v( 2 +
2
ρe
2 (c − 1)ρd + ρ0
(26)
−

Since A is  Hurwitz and there exists σ > 0 such that
f ρ(t), γ(t) : C → R2 in (20) is continuously differentiable, C = {ρ > 0, γ ∈ [0, 2π) | k[ρ, γ]k2 < σ},
and A is bounded and Liptschitz on C, then (ρd , π2 ) is an
exponentially stable equilibrium point for (20) [13]. Up to
here we showed that this equilibrium is locally exponentially
stable. Similarly to [7], it can be shown that the closed loop
system has only one equilibrium point and there is no limit
cycle. So according to Poincare-Bendixson Theorem [14],
all trajectories starting in a compact and positively invariant
set that contains the equilibrium point will end up in that
equilibrium.

IV. SIMULATIONS

14

12

10
||pA−pT||

Simulation results using Matlab are presented in this
section. We assume that v = 3, kest = 2, pT = [2, 3]> ,
pA (0) = [12, 12]> , p̂T (0) = [4, 5]> , and the constants in
(8) and (9) are α = 1, k = 1, c = 2, ρ0 = 0.5 and therefore
the desired radius of the circle is ρd ≈ 3.05. Also the initial
heading of the agent is 32 π.
The trajectory of the agent and the distance between
the agent and the target are shown in Fig. 2 and Fig. 3,
respectively. It can be seen that the distance between the
agent and the target goes to the desired distance ρd ≈ 3.05
exponentially fast. According to Fig. 4 it can also be seen
that the estimation error is also exponentially stable.
Then, we consider the case where the target moves slowly
and pT (t) = [2 + .025t, 3 + sin(.025t) + .025t]> . Here, the
target is moving slowly but persistently. The trajectory of the
center of rotation of the agent and the target trajectory are
shown in Fig. 5. The estimation and the tracking error are
also shown in Fig. 7 and Fig. 6, respectively. It can be seen
that these errors will go to neighborhoods of zero. Note that
the sizes of these neighborhoods depend on the speed of the
target.
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Fig. 3. The distance between the agent and the target in the simulation
for the case where the target is stationary.
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Fig. 4.
The error between the target position and its estimate in the
simulation for the case where the target is stationary.
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Fig. 2. The trajectory of the agent in the simulation for the case where
the target is stationary.

V. EXPERIMENTS
A. Experimental testbed
The implementation of the controller was done on a
Wifibot shown in Fig. 8. The Wifibot is produced by Wifibot
(http://www.wifibot.com). This mobile device features four
wheels each independently driven by a 12V DC motor with
51:1 gearbox. Two of the motors also feature encoders
for odometry measurement. An on-board computer with a
1.6GHz Atom processor and Gentoo Linux control the operation of the robot. Communication with the robot is achieved
over Wifi using Player (http://playerstage.sourceforge.net).

The Player Project is an open source tool which was developed to provide a network interface with robotic hardware.
The Player server runs on the Wifibot and handles communication with the hardware and client code. The Player client
code is written in C/C++ and connects to the server via a
network connection to provide control of the robot. This
structure allows the server to abstract hardware interfaces
into higher level functions, such as forward speed, for clearer
development of control code. So by using Player, we only
need to specify, e.g., forward velocities in m/s instead of
motor speed.
A Hokuyo URG-04LX-UG01 scanning laser range finder
is attached to the Wifibot for the circumnavigation experiments. It has a range of 20mm to 5600mm at an accuracy
of 3% above 1000mm and an angular range of 240 at a
resolution of 0.352. This sensor is used for the detection or
a cylindrical target object and determination of bearing. The
position of the robot is also measured using the encoders
installed on it.
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Fig. 5. The trajectory of the center of rotation of the agent (blue) and the
target (red) in the simulation for the case where the target moves slowly.
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Fig. 7.
The error between the target position and its estimate in the
simulation for the case where the target moves slowly.
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Fig. 6. The distance between the agent and the target in the simulation
for the case where the target moves slowly.

B. Results
Since the range of the laser scanner is up to 5.6m,
we could not start far from the target. The agent was
initially at pA (0) = [0, 0]> , and the target was a cylinder
located at pT = [4.5, 3.2]> whose diameter was 0.15m.
The initial heading of the agent was 0 deg, and the
desired radius was about 3.5m. Fig. 9 shows the trajectory
of the robot. In Fig. 9, the color of the trajectory is
initially black when the robot starts moving, and as time
increases, the trajectory becomes lighter. It can be seen
that in the first two rounds, the agent is not completely
on the circle, but after that, it converges to the desired circle.

VI. CONCLUSIONS AND FUTURE WORK
In this paper we proposed an estimator and a control law
to make a non-holonomic agent circumnavigate a target with
unknown position. It is guaranteed that the controller and
estimation algorithms are exponentially stable. The cases

Fig. 8.

The Wifibot

where the target is not stationary and the measurements are
noisy are also investigated in simulation and experiment.
Future directions of research include improving the convergence rate of the algorithms such that the tracking and
estimation errors go to zero in a finite time. For practical
applications, a robot might not be able to turn sharply. So it
is desirable that the robot motion is such that it has radius
of curvature greater than a minimum turning radius, i.e.,
ω(t) should be bounded from above. Another research line
to be followed is to investigate the case where more than
one agent or more that one target are present. For the case
where there are more than a single agent, it might be easier
to estimate the position of the target since different agents
can share their estimates of the target position and can use
these shared estimates to estimate the target position faster.
Collision avoidance techniques should also be considered to
avoid agents colliding with each other. It should also be
guaranteed that the distances between the agents are not large
so that the connection links between them do not go down
and they can communicate with each other.

γ̇(t)
when γ(t) ∈ [0, ψ] ( γ−2π
≈ −k g(t) when γ(t) ∈ (ψ, 2π)).
So γ(t) will go to zero very fast and according to the first
equation of (4), ρ̇(t) = −v and therefore ρ(t) will decrease.
So ρ(t) cannot go to infinity and therefore both ρ(t) and ρ̂(t)
are bounded.
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The trajectory of the robot in the experiment.

VII. APPENDIX
A.
Lemma 4: Let ρ(0) 6= 0 and consider (4). Then ρ(t) ∀t >
0 will never reach zero in a finite

 time. 
Proof: For any ρ(t), γ(t) ∈ R++ × π2 , 32 π one has
ρ̇(t) > 0 and therefore ρ(t) cannot reach zero on this region
because it is increasing. 

 
For trajectories in R++ × 0, π2 ∪ 32 π, 2π , we have ρ̇(t) <
0, but limρ→0+ γ̇(t) = ±∞ if γ(t) 9 0 and limρ→0+ γ̇(t) =
v + α > 0 if γ(t) → 0. Hence the trajectories cannot reach
ρ(t) = 0 within finite time.
If γ(t) = π2 , 3π
2 , then ρ̇ = 0 and the value of ρ(t) will not
change, so ρ(t) cannot go to zero in this region.
If γ(t) = 0 then according to (4) one has ρ̇(t) = −v and
γ̇(t) = α. So, γ(t) will change and the trajectories starting

with γ(0) = 0 will not remain in the
h set ρ(t), γ(t) = 0 . So
none of the trajectories in R++ × 0, 2π can reach ρ(t) = 0
within a finite time.

B.
Lemma 5: Consider (4), (5) and (8)-(10). If ρ(0) and ρ̂(0)
are bounded then ρ(t) and ρ̂(t) are bounded for all t > 0.
Proof: We will first show that the estimation error
in (2) is bounded. By choosing V = 21 p̃>
T p̃T and by
>
considering (7), it can be seen that V̇ = −kest p̃>
T ϕ̄ϕ̄ p̃T =
>
2
−kkϕ̄ p̃T k is negative semi-definite and (7) is uniformly
stable. Therefore p̃T (t) is bounded and
kp̃T (t)k ≤ kp̃T (0)k

(27)

Using the triangle inequality, we have
|ρ(t) − ρ̂(t)| ≤ kp̃T (t)k ≤ kp̃T (0)k

(28)

So if we show that ρ(t) is bounded, then according to the
above equation we can conclude that ρ̂(t) is also bounded.
We now assume that ρ(t) >> 1 is much larger than kp̃T (0)k.
So according to (28), ρ̂(t) is also very large. Then g(t) in
(9) will go to infinity and according to (18), γ̇(t)
γ ≈ −k g(t)
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